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Abstract

In this article, we prove some common fixed point theorems for the generalized f-contraction mapping in a
complete cone metric space. Our results extend and generalized some recent results.

Keywords: Common Fixed Point, f-Contraction Mapping, complete cone metric space.

Subject Classification: 47H10, 54H25.

1. Introduction

The first important result on fixed point for contractive type mapping was the well known Banach’s contraction
principle appeared in 1922 where it was used to establish the existence of a solution for an integral equation [1]. It is well
known that the classic contraction mapping of Banach is a fundamental result in fixed point theory, Several authors have
obtained various extension, refinement and generalization of Banach’s theorem by considering contractive mapping on
many different metric spaces.

Edelstein [8] considered a non-expansive contractive type mappings. [2] defined a contractive mapping with the
sum of three non-negative numbers less than one. [9] proved that every continuous self-map on the metric space (X,d) which
satisfies the condition

cd (y, Ty)(1+d(x,Tx))

ATy < = i y)

+/d(x,y)

forall X,y € X where «,f€[0,1) and o+ ff <1 have a unique fixed point. [19] compared 250 types of contractive
definitions and analyzed the relationship among them.

In [12], Huang and Zhuang introduced the notion of cone metric space, they have generalized the concept of metric
space, replacing the set real numbers by an ordered Banach space and obtained some fixed point theorems for mapping
satisfying different contractive conditions on a complete cone metric space with the assumption of normality of a cone.
These authors also described the convergence of sequences in the cone metric spaces and introduced the corresponding
notion of completeness.

[3] introduced new classes of contractive functions called f-contraction and f-contractive mapping and then
established and extended the Banach contraction mapping and Edelstein’s fixed point theorems. [16] obtained sufficient
condition for the existence of a unique fixed point of f-Kanna contractive, f-Zanfirescu, f-contractive mapping. On complete
cone metric spaces. Sumitra et al. [20] proved common fixed point theorem for a Banach pair of mappings satisfying f-Hardy
Rogers type contraction condition in cone metric spaces. [6] extended fixed point theory of weak contraction to cone metric
spaces. [17] proved some common fixed point theorems for f-contraction mappings in cone metric spaces. Chandok and
Narang in [4] and [5] introduced common fixed points and invariant approximation for Banach operators pairs with Ciric type
of non-expansive mappings [7]. In [18] Rangamma and Prudhvi proved the existence of coincidence points and a common
fixed theorem for four maps in cone metric spaces. [15] derived some common fixed point results for Banach operator pairs
in strongly M-starshaped metric spaces. [10] and [11] also used the T-Zamfirescu mappings to obtain the generalized cone
metric spaces and fixed point theorems. For further recent work, see [13] and [14]. Several useful extensions and
generalizations could be sourced from [21].

In this paper, we establish a new modified f-Hardy Roger contractive mapping of two Banach pairs of mappings to
obtain a common fixed point results.
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2. Preliminaries
In this section, we give some definitions and notations on cone metric spaces and their properties.

Definition 2.1 O ztU rk, M. and Metin, B. (2011)

Let E be areal Banach space and K be asubsetof E. K is called a cone if and only if
« K s closed, nonempty and K # {0}
- ax+byeK for X,yeK and a,b>0

- xeK and —xeK =x=0 < Kn(-K)={0}

Consider a cone K < E . We define a partial ordering "<" with respect to K by X <Y if and only if
y—Xxe K, we wite X<V to indicate that X<y but X# Y and X<<Y to imply y—XeintK . The intK

denotes the interior of K .

Acone K is called a normal if for a given number M >0 such that forall X,y € K
0<x<y=|x|<Mly| )
The least positive number of M satisfying (1) is called the normal constant of K .
The cone K is called regular if for every N €N such that X, <X, <Y for some yeE, then there is
X € E such that
lim x, =] =0
n—o0
i.e. K is called regular if every monotone increasing sequence bounded from above is convergent.

Similarly, K is called regular if every monotone decreasing sequence bounded from below is convergent.

Note: Every regular cone is a normal cone.

Definition 2.2 O zt(i rk, M. and Metin, B. (2011)

Let X be a nonempty set and E > K be a real Banach spaces. Suppose the metric mapping
d: XxX —E satisfies

« 0<d(X,y) forall X,ye X and d(X,y)=0 ifandonlyif X =Y.
« d(x,y)=d(y,X) forall X,yeX.
« d(x,y)<d(x,z)+d(z,y) foral X,y,ze X.

Then, d is called a cone metricon X and (X,d) is called a cone metric space

Example 2.3 Let E = R®, define K ={(X,y,2) e E:X,y,z>0}c R®.
Let X =R anddefine d: X xX — E such that
A0, %,) = (@] =], Bx =X} 7% =)
where X, X, € X and «, 3,y are nonnegative.

Then, d isaconemetricon X and (X,d) isa cone metric space.
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Lemma 2.4 Dubey et al (2013)

Let (X,d) be a cone metric space and {Xn} be a sequencein X ,ifforevery C€ E with 0 <<c¢C
. {Xn} converges to X, then given N(C) €N such that ”d (X, X)” <<c forall n>n(c).
. {Xn} convergesto X and {Xn} converges to Y, then ||d (X, y)|| <<C=X=Y.
. {Xn} is Cauchy sequence, then there is N(C) € N such that ”d (X, Xm)” <<c for n,m>n(c).

. {Xn} and {yn} convergeto X and Y respectively, then for given n(c) eN and n>n(c),
d (%, y,)—d(x, y)| 0.

. {Xn} is convergent, then {X } is Cauchy sequence.

n

- the Cauchy sequence converges to a pointin X , then (X, d) is complete.
Lemma 2.5 Dubey et al (2014)

Let (X,d) be a cone metric space and U,V,We X .

«if U<<V and V<<W,then U<<W

«if USV and V<<W,then U<<W

«if 0<U<<C foreach Ceintk , then U=0

«if 0Su<<at for ¢ >0 andeach CeintK ,then U=0

«if ceintK, 0<u, and U, — 0, thenthereis N(C) suchthat U, <<C forall N >n(c).
Definition 2.6 Banach (1922)

A self mapping T of a metric space (X,d) is said to be a contraction mapping if there exists a number

k €[0,1) such that
d(Tx,Ty) <kd(x,y), forall x,yeX. )

Definition 2.7 Beiranvand et al (2009)

Let (X,d) be a metric space and f,T:X — X be two self mappings. The mapping T is called f

-contraction if there a number K €[0,1) such that

d(fTx, fTy) <kd(fx, fy), forall xye X. @)

If f isan identity mapping, then (3) reduces to (2).

Definition 2.8 Let (X,d) be ametricspaceand f,T,S:X — X be three self mappings. The pair (T,S) is called
f -contraction if there a number k €[0,1) such that

d(fTx, fSy) <kd(fx, fy), forall x,ye X. %)

The following example is given to justify our claim in Definition 2.8

Example 2.9 Let [0, oo) be endowed with the usual metric and let the mappings be defined by

fx=e™, Tx=2x+In2”, Sy=2y+In2¥™
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where X, Y are partially orderedin X and £ >1
Clearly, the pair (T, S) is not a contraction. But
d(fTx,Sfy) =[27e?" -2 De?0)
< ‘2—(ﬁ—1)He—2X _ e—Z(y—l)‘
< 2’(/”)‘e’2X —e’zy‘
<2 Ve —e7|
zk|fx— fy|, k=2"1N<1
Therefore, the pair (T, S) is f -contraction. We end this section with the following crucial lemma

Lemma2.10 O ztl rk, M. and Metin, B. (2011)

Let (X,d) be a cone metric space, then

camapping T : X — X s continuous iffor N€N  [im,_. X, — X implies that [im_. 1X, —> TX
for {Xn} and X arein X .

«themapping f,T: X = X or f,S: X — X is said to be sequentially convergent, if the sequence

{yn} in X is convergent whenever {Tyn} is convergent.

«the mapping f,T: X — X or f,S:X — X is said to be subsequentially convergent, if the

sequence {yn} in X has a convergent subsequence whenever {Tyn} is convergent.

3. Main Results

In this section, we give our results which are generalization of some existing results.

Theorem 3.1 Let (X , d) be a nonempty cone metric space and let f,T,S be three continuous self mapping on a
complete cone metric space (X ) d) .Assume f is an injective mapping and K is a normal cone with normal constant

M . Suppose f,T,S satisfy
d(fTx, fSy) <ad(fx, fy)+Bld(fTx, 5)+d(fSy, fy)]+[d(fTx, fy)+d(fSy, fx)] ®)
where a+23+2y <1, for a, 3,7 €[0,1) and X,y € X .Then S and T have a unique common fixed point in
X . Moreover, if (f,T) and (f,S) are Banach pairs, then f,T and S have a unique common fixed pointin X.
Proof
Let X, be fixed and define X,, =TX,, ; and X,, 4 = SX,,.
Consider
d(fX,n, Xone) = d (X, 18%,,)
<ad (X, ) + ﬂ[d (fTXzn-1, PXpn_1) +d (18X, 1Ein)]
+ 7[d (fTXon-1, ©Xpn) +d (18X, fXZn—l)]
= ad (X1, B0 ) + Bd (X, G0 0) + B (15,5, TX5)

+}/d(fX2n, fx2n)+7'd(fX2n+l' fx2n—1)
< ad(fXZn—l’ fXZn)+ﬂd(fX2n’ fXZn—1)+ﬁd(fX2n+l’ fXZn)

+ }'d ( fXZn' fx2n—1)
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= (1-2)d (X, Xyp.0) < (@ + B+ 7)d (X, 4, £X,) (6)
Similarly,
d(fX,n,0, %,,)  =d(18x,,, fTX,, )

<ad(fx,,, X,04) + ﬂ[d (1500 o) +d (T4, fXZn—l)]
+ 7[d (13%z0, Xyn) +A (FTX 4, fxzn)]

= ad (X,,, X, 4) + B (Xyn,0, ;) + Bd (X5, TX,,1)
+ 0 (Xonias Xon 1) +2d (15, 1X5)

<ad(fX,,, X, 1) + B (Xyn,0, %,50) + Bd (X, 75,4)
+ 70 (a0, X;,)

:>(1_18_y)d(f)(2n+1’ fXZn)S(a—i_ﬂ)d(fXZn’ fX2n—1) (7)
By adding (6) and (7), we have
20+20+
d( Xy, X5n) < T;i;/d(fxzn—lv X,n) (8)
If we let K :w<l
2-20—-y
= d(fx,,, X,,.,) <kd(fx,,,, &X;,)
Also,
d ( fx2n71’ fX2n) < kd( fX2n,2, fXZn—l)
In general,

2
d(x,,, X,,,,) <kd(fX,, fX,)
Let m>n for m,n N, by triangular inequality, we have

d(fXZn’ fXZm) < d(fXZn’ fx2n+1)+d(fX2n+1' fx2n+2)+"'+d(fxzm—l' fXZm)
<kd(fxy, fx,) + k2 (fxy, ;) +...+ k2" Hd (fx,, fx,)
=k (L+ K+ k2 +...+ k22 d (fx,, fx,)
) 1_k2m—2n
= k H(T]d(fxo, le)
k2n
1-k

<= d(fx,, fx,), for 1-k*™?" <1

From (1), we obtain

2n

0 (P B < L

M|d (x,, fx,)| 9)

since k <1 and d(fX,, fX,) isfixed, then k* —>0 as N —>00. And by lemma 2.5 (iv)-(v), we have
d(fXz,, ;) <<c

Thus, fX2n is a Cauchy sequencein X .Since X isacomplete cone metric space, fX2n converges to a point (say t
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yin X . Since f is subsequentially convergent, then X,, has a subsequence X,, which also converges to a point

(say U).Since f is continuous, then

lim fx,, = fu (10)
m—oo
By the uniqueness of the limit t = fu.
Since T and S are continuous, then
lim fTx,, = fTu (11)
m—o0
and
lim fSx,,, = fSu (12)
m—oo

Now, let M be odd, by triangular inequality and (5), we have
d(fu, fTu) <d(fu, fx,,,,)+d(fx,,.,, fTu)
=d(fu, fx,,,,)+d(fSx,,, fTu)
<d(fu, fx,,,,) +ad(fx,,, fu) + B[d(Sx,,, fx,,)+d(fTu, fu)]
+y[d(fSx,,, fu)+d(fTu, fx,,)]
<d(fu, fx,,.,)+ad(fx,,, fu)+Ad(fx,, .., &%, )+ Bd(fTu, fu)
+9d (X, fu)+9d (FTu, fu) +5d (fu, fx,,)

This implies

1+y a+y o)
d(fu, fTu) < d(fx,,,,, fu)+ d(fx,,, fu)+ d(fx,,, X, 13
( ) 1_ﬂ_7 ( 2n+l ) 1—,8—]/ ( 2 ) 1—ﬁ—7 ( 2 2 1) (13)

By applying the normality condition (1), we have

1+y a+y

|d(fu, fru)| <M - d(fx2n, u)

d(fX2n+1' fu)+ -

+1_§_7d(vm,v%ﬂﬂ
1
d(fu, Tu)| <M‘ i ‘||d(fx2n+1, )+ M| “” ‘||d(fx2n,fu)||
(19)
+ M‘l— _}/‘”d(fxzm fx2n+1)||

we have from (10) that

c|1-p-7| cli-p-7
APy, fU)] << 271 and [d( iy, fu)]| << o2
” ( 2n+1 U)||<< 3M |1+}/| an ” ( 2n U)||<< 3M |0£+7|

Therefore,
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|d (fu, fTu)| <<M| Lty |C|1_ﬂ_7| | aty |cli-f-y|
2 TV e ey e VA PR
ml B |eli-p-7]
1-p-7| Mg
C Cc ¢C
=—+—+-=¢C
3 3 3

Hence, by lemma 2.5,
|ld (fu, fTu)|=0< fu = fTu
Also, let M be even
d(fu, fSu) <d(fu, fx,,)+d(fx,,, fSu)
= d(fu, fx,,) +d(fTx,, ,, fSu)
<d(fu, fx,,) +ad(fx,,_,, fu)+ B[d(fTx,, ,, X, ,)+d(fSu, fu)]
+y[d(fTx,, ,, fu)+d(fSu, fx,, ,)]
<d(fu, fx,,)+ad (X, ,, fu)+pd(fx,,, X, )+ Ad(fSu, fu)
+9d (X, fu)+d(fSu, fu)+sd (fu, fx,, ,)

This implies

1+y a+y p
d(fu, fSu) < d(fx,,, fu)+ d(fx,, ,, fu)+ d(fx,,, ,,
(T, f50) € =7 d (B )+ 7 (B )4l B,0)

So,

1+y

d(fu, fSu)| < MHl axy

d(fx,,, fu)+ d(fx,,,, fu)
—¥ 1-p-v»

+ p d(f%,,, X0s)
1-p-r

1+y a+y

WHUSW”<M‘ WMM%JMHM

\nd(fxzﬂ )l

+M

= (U

Lty [ell=f-7], |l atr |cll-B-y]
1-f-7| 3M|1+y] " |1-p—y[3M |a+y|
ml B |cli-p-7]
1-p-7| m1p] |

<<M|

+

+ =c

C
+_
3

wlo
wlo

Also, by lemma 2.5,
|d(fu, fSu)|=0< fu = fSu

which implies that fu = fTu = fSu..
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For uniqueness, suppose fu = fTu= fSu and fu = fTU = fSU are two fixed points, then
d(fu, fu) =d(fTu, fSU)
< od(fu, fa) + B[d(fTu, fu) +d (ST, fa)]+y[d(fTu, fa) +d (ST, fu)]
= ad(fu, fu)+ gd(fu, fu)+ gd(fa, fa)+d(fu, fa)+d(fu, fu)
<(a+2y)d(fu, fa)
<(a+2p+2y)d(fu, fu)
<d(fu, fu)
This is a contradiction and hence
d(fu, fu) =0 ifandonlyif fu = fu
Since f is an injective, then U=1U is the unique fixed point. Since we have assumed that (f,S) and
(f,T) areBanach pairs, then (f,S) and (f,T) commute atthe fixed pointof S and T respectively. This implies
that fSu = Sfu for all U € F(S). Therefore, fu = Sfu which gives that fu is another fixed point of S, which is

also true for T. By uniqueness of fixed of S, fu =U. Hence, U= fu=Su=Tu, U is unique common fixed point

of f,S and T in X.

Theorem 3.2 Let (X , d) be a nonempty cone metric space and let f,T,S be three continuous self mapping on a
complete cone metric space (X, d).Assume f is an injective mapping and K is a normal cone with normal constant
M . Suppose f,T,S satisfy

d(fTx, fSy) < Ad(fx, fy)+ [d (fTx, fy)+d(Sy, fx)] (15)

where A+2u<1,for A, 4€[0,1) and X,y € X .Then S and T have a unique common fixed pointin X .

Proof

If we choose @ = A, =0 and ¥ = u intheorem 3.1, then the proof of theorem 3.2 is immediate.

Remark 3.3 Theorem 3.2 is equivalent to the theorem 3.1 of Ozl rk, M. and Metin, B. (2011).

Theorem 3.4 Let (X , d) be a nonempty cone metric space and let f,T,S be three continuous self mapping on a
complete cone metric space (X , d) .Assume f is an injective mapping and K is a normal cone with normal constant

M . Suppose f,T,S satisfy
d(fTx, fSy) < e d (X, fy) + a,d (fTX, X) + e, d (1Sy, fy) +,d (fTX, fy) +,d(fSy, IX)  (16)

5 .
where Zi:lai <1, for ¢, €[0,1), i=1,2,3,4,5. and X,ye X .Then S and T have a unique common fixed
pointin X .

Proof

Let a=ay, f= Na,a; and ¥ =./a,0; inthe theorem 3.1 above, then

a+20+2y = +2\/a2053 +2\/a4a5

So,

al+2\/a2a3 +2\/a4a5 <o ta,ta;+o,+o,<1

Using this inequality in theorem 3.1, the proof of theorem 3.4 follows.
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Remark 3.5 Theorem 3.4 is the same as theorem 3.1 of Dubey et al (2014).

Theorem 3.6 Let (X,d) be a complete cone metric space and let f,T be two continuous self mappings of X .

Assume f is an injective mapping and K is a normal cone with normal constant M . If the mapping f,T satisfy
d(fTx, fTy) <ad(fx, fy)+ gld(fTx, &) +d(fTy, fy)]+»[d(fTx, fy)+d(fTy, &)] @7

where @ +2£+2y <1,for a,f,7 €[0,1) and X,y € X .Then f and T have aunique common fixed pointin
X.

Proof
Ifweset S=T intheorem 3.1, the proof of this theorem is immediate.

Corollary 3.7 Let f,T be continuous self mappings of a complete cone metric space (X,d).Assume f isan

injective mapping and K is a normal cone with normal constant M . If the mapping f,T satisfy

d(fTx, fTy) < o, d (X, fy) + e, d (FTX, &)+, d (fTy, fy) + e, d(fTX, fy) +ad(fTy, i) (8)

5 .
for all X,y € X and Zizlai <1, for ; €[0,1), i=1,2,....5. Then f and T have a unique common fixed

pointin X .
Proof

The proof of this corollary follows from theorem 3.4 and theorem 3.6.

Corollary 3.8 Let T and S be self mappings of a complete cone metric space (X,d) which satisfy

d(Tx,Sy) < ad (x, y) + Ad(Tx x)+ d(Sy, )]+ [d (Tx, y) + d (Sy, X)] 19)

forall X,ye X and a+2f+2y <1, for a,f,y €[0,1). Then the pair (T,S) have a unique common fixed
pointin X .

Proof

The proof follows by letting fX = X forall X &€ X in theorem 3.1.
Corollary3.9Let f, T and S be three self mappings of a complete cone metric space (X,d) which satisfy (4).

Then, T and S have a unique common fixed pointin X .

Proof

Let =k, L =y =0 intheorem 3.1, then the proof of this corollary is obvious.

Corollary 3.10 Let (X , d) be a nonempty cone metric space and let f,T,S be three continuous self mapping on a
complete cone metric space (X ) d) .Assume f is an injective mapping and K is a normal cone with normal constant
M . Suppose f,T,S satisfy

d(fTx, fSy) < epd(fx, fy) +a,d (fTX, X))+, d (fSy, fy) (20)
where Z?:lai <1,for ; €[0,1), i=1,23. and X,ye X .Then S and T have a unique common fixed point

in X.

Proof

The proof follows by letting &, = &5 = 0 in theorem 3.4.
4. Conclusion

In conclusion, we observe that our results generalized the previous results of O ztU rk, M. and Metin, B. (2011)
and Dubey et al (2014) which could be deduced from our main results.

107 |Page editorgjim@gmail.com



Global Journal of Mathematics Vol. 2, No. 1, March 20, 2015

www.gpcpublishing.com ISSN: 2395-4760
Reference
1. Banach, S., Sur les Operations dans les eusembles abstraits et leur application aus equations integrales, Fund. Math.

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

3(1922), 133-187.
Beich, S., Fixed Point theorems for set-valued mappings of Contractive type Pacific J. Math 43 (1971), 553-562.

Beiranvand, A., Moradi, S., Omid, M. and Pazandeh, H., Two Fixed Point Theorems For special Mappings,
arriv:0903.150v1 math.FA. (2009).

Chandok, S. and Narang,T. D., Common Fixed Points with Applications to best Simultaneous Approximations,
Anal.Theory Appl., 28(1) (2012),1-12.

Chandok, S. and Narang, T. D., Common Fixed Points and Invariant Approximation for Banach Operator pairs with Ciric
type Nonexpansive Mappings, Hacettepe Journal of Mathematics and Statistics, 40(6) (2012), 871-883.

Choudhury, B. S., Metiya, N. and Postolache M., A generalized weak contration principle with applications to coupled
coincidence point problems, Fixed Point Theory Appl. (2013), ID 152.

Ciric, L. B., Contractive type non-self mappings on metric spaces of hyperbolic type, J. Math. Anal. Appl., 317 (2006),
28-42.

Edelstein, M., On Fixed and Periodic Points under contractive Mappings, J. London Math. Soc., 37 (1962), 74-79.

Diass, A. and Gupta, T., Fixed Point Theorems for nonexpansive mappings on starshaped subset of Banach spaces, J.
London Math. Soc. 4 (1975), 408-410.

Dubey, A. K., Rita, S., and Ravi, P., Cone metric spaces and fixed point theorems of generalized T-Zamfirescu
mappings, International Journal of Applied Mathematical Research, 2(1) (2013), 151-56.

Dubey, A. K., Rita, S., and Ravi, P., Common Fixed Point Theorem For Generalized T-HardyRogers Contraction
Mapping in a Cone Metric Space, Adv. Inequal. Appl. (2014), 2014:18.

Huang, H. and Zhang, X., Cone metric spaces and fixed point theorems of contractive mappings, J. Math. Anal. Appl.,
332 (2007), 1468-1476.

Isufati, A., Rational Contractions in b-Metric Spaces, Journal of Advances in Mathematics 5 (2014), 803-811.

Jungck, G., Radenovi,i¢,¥2S., Radojevi, S. and Rakocevic, V., Common Fixed Point Theorems for Weakly Compatible
Pairs on Cone Metric Spaces, Fixed Point Theory and Applications Vol. 2009 (2009), Article ID 643840, 13 pp,
doi:10.1155/2009/643840.

Kutbi, M. A., Common fixed point and invariant approximation results, Kutbi Fixed Point Theory and Applications 2013
(2013), 2013:135.

Morales, J. and Rojas, E., T-Zamfirescu and T-weak Contraction mappings on Cone Metric Spaces,
arxim:0909.1255v1.math.FA. (2009).
d ztU rk, M. and Metin, B., On Some Common Fixed Point Theorems for f-Contraction Mappings in Cone Metric
Spaces, Int. Journal of Math. Analysis, 5 (2011), 119-127.

Rangamma, M. and Prudhvi, K., A Common Fixed Point Theorem for Four Maps in Cone Metric Spaces, International
Journal of Pure and Applied Mathematics, 78(5) (2012), 797-803.

Rhoades, B. E., A Comparison of Various Definitions of Contractive Mappings, American Mathematical Society, 226
(1977), 257-290.

Sumitra, V., Uthariaraj R. and Hemavathy, R., Common Fixed Point Theorem For T-Hardy-Rogers Contraction
Mapping in a Cone Metric Space, International Mathematical Forum, 5 (2010), 1495-1506.

Vesile Berinde, Iterative Approximation of Fixed Points, ISBN 973-85243-6-9 CUB Press 22 SRL. (2002).

108 |Page editorgjim@gmail.com


https://www.researchgate.net/publication/303342386

