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Abstract 

 In this article, we prove some common fixed point theorems for the generalized f-contraction mapping in a 
complete cone metric space. Our results extend and generalized some recent results.  
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1. Introduction 

 The first important result on fixed point for contractive type mapping was the well known Banach’s contraction 
principle appeared in 1922 where it was used to establish the existence of a solution for an integral equation [1]. It is well 
known that the classic contraction mapping of Banach is a fundamental result in fixed point theory, Several authors have 
obtained various extension, refinement and generalization of Banach’s theorem by considering contractive mapping on 
many different metric spaces. 

Edelstein [8] considered a non-expansive contractive type mappings. [2] defined a contractive mapping with the 
sum of three non-negative numbers less than one. [9] proved that every continuous self-map on the metric space (X,d) which 
satisfies the condition  

 ),(
),(1

)),()(1,(
),( yxd

yxd

TxxdTyyd
TyTxd 







  

for all Xyx ,  where [0,1),   and 1<   have a unique fixed point. [19] compared 250 types of contractive 

definitions and analyzed the relationship among them. 

In [12], Huang and Zhuang introduced the notion of cone metric space, they have generalized the concept of metric 
space, replacing the set real numbers by an ordered Banach space and obtained some fixed point theorems for mapping 
satisfying different contractive conditions on a complete cone metric space with the assumption of normality of a cone. 
These authors also described the convergence of sequences in the cone metric spaces and introduced the corresponding 
notion of completeness. 

[3] introduced new classes of contractive functions called f-contraction and f-contractive mapping and then 
established and extended the Banach contraction mapping and Edelstein’s fixed point theorems. [16] obtained sufficient 
condition for the existence of a unique fixed point of f-Kanna contractive, f-Zanfirescu, f-contractive mapping. On complete 
cone metric spaces. Sumitra et al. [20] proved common fixed point theorem for a Banach pair of mappings satisfying f-Hardy 
Rogers type contraction condition in cone metric spaces. [6] extended fixed point theory of weak contraction to cone metric 
spaces. [17] proved some common fixed point theorems for f-contraction mappings in cone metric spaces. Chandok and 
Narang in [4] and [5] introduced common fixed points and invariant approximation for Banach operators pairs with Ciric type 
of non-expansive mappings [7]. In [18] Rangamma and Prudhvi proved the existence of coincidence points and a common 
fixed theorem for four maps in cone metric spaces. [15] derived some common fixed point results for Banach operator pairs 
in strongly M-starshaped metric spaces. [10] and [11] also used the T-Zamfirescu mappings to obtain the generalized cone 
metric spaces and fixed point theorems. For further recent work, see [13] and [14]. Several useful extensions and 
generalizations could be sourced from [21]. 

In this paper, we establish a new modified f-Hardy Roger contractive mapping of two Banach pairs of mappings to 
obtain a common fixed point results. 
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2. Preliminaries 

 In this section, we give some definitions and notations on cone metric spaces and their properties.  

Definition 2.1 O zt u rk, M. and Metin, B. (2011) 

Let E  be a real Banach space and K  be a subset of E . K  is called a cone if and only if   

    • K  is closed, nonempty and  0K   

    • Kbyax   for Kyx ,  and 0, ba   

    • Kx  and Kx  0=x   0=)( KK    

  

Consider a cone EK  . We define a partial ordering ""  with respect to K  by yx   if and only if 

Kxy  , we write yx <  to indicate that yx   but yx   and yx <<  to imply intKxy  . The intK  

denotes the interior of K . 

A cone K  is called a normal if for a given number 0>M  such that for all Kyx ,   

 yMxyx 0  (1) 

 The least positive number of M  satisfying (1) is called the normal constant of K . 

The cone K  is called regular if for every Nn  such that yxx nn  1  for some Ey , then there is 

Ex  such that  

 0=lim xxn
n




 

i.e. K  is called regular if every monotone increasing sequence bounded from above is convergent. 

Similarly, K  is called regular if every monotone decreasing sequence bounded from below is convergent. 

Note: Every regular cone is a normal cone.  

Definition 2.2 O zt u rk, M. and Metin, B. (2011) 

Let X  be a nonempty set and KE   be a real Banach spaces. Suppose the metric mapping 

EXXd :  satisfies   

    • ),(0 yxd  for all Xyx ,  and 0=),( yxd  if and only if yx = .  

    • ),(=),( xydyxd  for all Xyx , .  

    • ),(),(),( yzdzxdyxd   for all Xzyx ,, .  

 Then, d  is called a cone metric on X  and ),( dX  is called a cone metric space  

  

Example 2.3 Let 
3= RE , define   30,,:),,(= RzyxEzyxK  . 

Let RX =  and define EXXd :  such that  

  21212121 ,,=),( xxxxxxxxd    

where Xxx 21,  and  ,,  are nonnegative. 

Then, d  is a cone metric on X  and ),( dX  is a cone metric space.  
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Lemma 2.4 Dubey et al (2013) 

Let ),( dX  be a cone metric space and  nx  be a sequence in X , if for every Ec  with c<<0    

    •  nx  converges to x , then given N)(cn  such that cxxd n <<),(  for all )(> cnn .  

    •  nx  converges to x  and  nx  converges to y , then yxcyxd =<<),(  .  

    •  nx  is Cauchy sequence, then there is N)(cn  such that cxxd mn <<),(  for )(>, cnmn .  

    •  nx  and  ny  converge to x  and y  respectively, then for given N)(cn  and )(> cnn , 

0),(),(  yxdyxd nn .  

    •  nx  is convergent, then  nx  is Cauchy sequence.  

    • the Cauchy sequence converges to a point in X , then ),( dX  is complete. 

Lemma 2.5 Dubey et al (2014) 

Let ),( dX  be a cone metric space and Xwvu ,, .   

    • if vu <<  and wv << , then wu <<   

    • if vu   and wv << , then wu <<   

    • if cu <<0   for each intKc , then 0=u   

    • if cu <<0   for o>  and each intKc , then 0=u   

    • if intKc , nu0  and 0nu , then there is )(cn  such that cun <<  for all )(> cnn .  

Definition 2.6 Banach (1922) 

A self mapping T  of a metric space ),( dX  is said to be a contraction mapping if there exists a number 

[0,1)k  such that  

 .,      ),,(),( XyxallforyxkdTyTxd   (2) 

  

Definition 2.7 Beiranvand et al (2009) 

Let ),( dX  be a metric space and XXTf :,  be two self mappings. The mapping T  is called f

-contraction if there a number [0,1)k  such that  

 .,      ),,(),( XyxallforfyfxkdfTyfTxd   (3) 

  

 If f  is an identity mapping, then (3) reduces to (2).  

Definition 2.8 Let ),( dX  be a metric space and XXSTf :,,  be three self mappings. The pair ),( ST  is called 

f -contraction if there a number [0,1)k  such that  

 .,  ),,(),( XyxallforfyfxkdfSyfTxd   (4) 

  

 The following example is given to justify our claim in Definition 2.8  

Example 2.9 Let )[0,  be endowed with the usual metric and let the mappings be defined by  

 
1)(2ln2=  ,2ln2=  ,=    ySyxTxefx x
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where yx,  are partially ordered in X  and 1>   

 Clearly, the pair ),( ST  is not a contraction. But  

 

1<2  ,

2

2

2

22=),(

   

1)(

1)(

221)(

1)2(21)(

1)2(1)(2































kfyfxk

ee

ee

ee

eeSfyfTxd

yx

yx

yx

yx

 

 Therefore, the pair ),( ST  is f -contraction. We end this section with the following crucial lemma  

Lemma 2.10 O zt u rk, M. and Metin, B. (2011) 

Let ),( dX  be a cone metric space, then   

    • a mapping XXT :  is continuous if for Nn  xxnn lim  implies that TxTxnn lim  

for  nx  and x  are in X .  

    • the mapping XXTf :,  or XXSf :,  is said to be sequentially convergent, if the sequence 

 ny  in X  is convergent whenever  nTy  is convergent.  

    • the mapping XXTf :,  or XXSf :,  is said to be subsequentially convergent, if the 

sequence  ny  in X  has a convergent subsequence whenever  nTy  is convergent.  

3. Main Results 

 In this section, we give our results which are generalization of some existing results.  

Theorem 3.1 Let ),( dX  be a nonempty cone metric space and let STf ,,  be three continuous self mapping on a 

complete cone metric space ),( dX . Assume f  is an injective mapping and K  is a normal cone with normal constant 

M . Suppose STf ,,  satisfy  

    ),(),(),(),(),(),( fxfSydfyfTxdfyfSydfxfTxdfyfxdfSyfTxd    (5) 

 where 1<22   , for [0,1),,   and Xyx , . Then S  and T  have a unique common fixed point in 

X . Moreover, if ),( Tf  and ),( Sf  are Banach pairs, then Tf ,  and S  have a unique common fixed point in .X   

Proof 

Let ox  be fixed and define 122 = nn Txx  and nn Sxx 212 = . 

Consider  

 

 
 

),(          

),(),(),(

),(),(          

),(),(),(=

),(),(          

),(),(),(

),(=),(

122

212122212

121222

212122212

122212

221212212

212122



























nn

nnnnnn

nnnn

nnnnnn

nnnn

nnnnnn

nnnn

fxfxd

fxfxdfxfxdfxfxd

fxfxdfxfxd

fxfxdfxfxdfxfxd

fxfSxdfxfTxd

fxfSxdfxfTxdfxfxd

fSxfTxdfxfxd












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 ),()(),()(1 212122 nnnn fxfxdfxfxd     (6) 

 Similarly,  

 

 
 

),(          

),(),(),(

),(),(          

),(),(),(=

),(),(          

),(),(),(

),(=),(

212

122212122

221212

122212122

212122

121222122

122212

nn

nnnnnn

nnnn

nnnnnn

nnnn

nnnnnn

nnnn

fxfxd

fxfxdfxfxdfxfxd

fxfxdfxfxd

fxfxdfxfxdfxfxd

fxfTxdfxfSxd

fxfTxdfxfSxdfxfxd

fTxfSxdfxfxd







































 

  

 ),()(),()(1 122212   nnnn fxfxdfxfxd   (7) 

 By adding (6) and (7), we have  

 ),(
22

22
),( 212122 nnnn fxfxdfxfxd 









 (8) 

 If we let 1<
22

22
=








k   

 ),(),( 212122 nnnn fxfxkdfxfxd    

Also,  

 ),(),( 1222212   nnnn fxfxkdfxfxd  

In general,  

 ),(),( 10

2

122 fxfxdkfxfxd n

nn   

Let nm >  for Nnm, , by triangular inequality, we have  

 

1<1     ),,(
1

),(
1

1
=

),()(1=

),(),(),(

),(),(),(),(

22

10

2

10

22
2

10

12222

10

12

10

12

10

2

212221212222

nm
n

nm
n

nmn

mnn

mmnnnnmn

kforfxfxd
k

k

fxfxd
k

k
k

fxfxdkkkk

fxfxdkfxfxdkfxfxdk

fxfxdfxfxdfxfxdfxfxd









































 

 From (1), we obtain  

 ),(
1

),( 10

2

22 fxfxdM
k

k
fxfxd

n

mn


  (9) 

 Since 1<k  and ),( 10 fxfxd  is fixed, then 02 nk  as n . And by lemma 2.5 (iv)-(v), we have  

 cfxfxd mn <<),( 22  

Thus, nfx2  is a Cauchy sequence in X . Since X  is a complete cone metric space, nfx2  converges to a point (say t
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) in X . Since f  is subsequentially convergent, then nx2  has a subsequence mx2  which also converges to a point 

(say u ). Since f  is continuous, then  

 fufx m
m

=lim 2


 (10) 

 By the uniqueness of the limit fut = . 

Since T  and S  are continuous, then  

 fTufTx m
m

=lim 2


 (11) 

 and  

 fSufSx m
m

=lim 2


 (12) 

 Now, let m  be odd, by triangular inequality and (5), we have  

 
 

 

),(),(),(          

),(),(),(),(

),(),(          

),(),(),(),(

),(),(=

),(),(),(

212

212212

22

22212

212

1212

nn

nnnn

nn

nnnn
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fxfudfufTudfufxd

fufTudfxfxdfufxdfxfud

fxfTudfufSxd

fufTudfxfSxdfufxdfxfud

fTufSxdfxfud

fTufxdfxfudfTufud
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



























 

 This implies  

 ),(
1

),(
1

),(
1

1
),( 122212 












 nnnn fxfxdfufxdfufxdfTufud












 (13) 

 By applying the normality condition (1), we have  

 

),(
1

                                   

),(
1

),(
1

1
),(

122
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



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

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

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fxfxd

fufxdfufxdMfTufud
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




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),(
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),(
1

),(
1

1
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
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
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

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fufxdMfufxdMfTufud
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









 (14) 

 we have from (10) that  

 
||3

|1|
<<),(    

|1|3

|1|
<<),( 212
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










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

M

c
fufxdand

M

c
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Therefore,  
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Hence, by lemma 2.5,  
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Also, by lemma 2.5,  

 fSufufSufud =0=),(   

which implies that fSufTufu == . 
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For uniqueness, suppose fSufTufu ==  and ufSufTuf ==  are two fixed points, then  
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 This is a contradiction and hence 

 0=),( uffud  if and only if uffu =  

 Since f  is an injective, then uu =  is the unique fixed point. Since we have assumed that ),( Sf  and 

),( Tf  are Banach pairs, then ),( Sf  and ),( Tf  commute at the fixed point of S  and T  respectively. This implies 

that SfufSu =  for all ).(SFu  Therefore, Sfufu =  which gives that fu  is another fixed point of ,S  which is 

also true for .T  By uniqueness of fixed of ,S  .= ufu  Hence, ,=== TuSufuu  u  is unique common fixed point 

of Sf ,  and T  in .X  

Theorem 3.2 Let ),( dX  be a nonempty cone metric space and let STf ,,  be three continuous self mapping on a 

complete cone metric space ),( dX . Assume f  is an injective mapping and K  is a normal cone with normal constant 

M . Suppose STf ,,  satisfy  

  ),(),(),(),( fxfSydfyfTxdfyfxdfSyfTxd    (15) 

 where 1<2  , for [0,1),   and Xyx , . Then S  and T  have a unique common fixed point in X .  

Proof 

If we choose  = , 0=  and  =  in theorem 3.1, then the proof of theorem 3.2 is immediate. 

Remark 3.3 Theorem 3.2 is equivalent to the theorem 3.1 of O zt u rk, M. and Metin, B. (2011).  

 

Theorem 3.4 Let ),( dX  be a nonempty cone metric space and let STf ,,  be three continuous self mapping on a 

complete cone metric space ),( dX . Assume f  is an injective mapping and K  is a normal cone with normal constant 

M . Suppose STf ,,  satisfy  

),(),(),(),(),(),( 54321 fxfSydfyfTxdfyfSydfxfTxdfyfxdfSyfTxd    (16) 

 where 1<
5

1= ii
 , for [0,1)i , 1,2,3,4,5.=i  and Xyx , . Then S  and T  have a unique common fixed 

point in X .  

 

Proof 

Let 1= , 32=   and 54=   in the theorem 3.1 above, then  

 54321 22=22    

So,  

 1<22 5432154321    

Using this inequality in theorem 3.1, the proof of theorem 3.4 follows.  
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Remark 3.5 Theorem 3.4 is the same as theorem 3.1 of Dubey et al (2014).  

Theorem 3.6 Let ),( dX  be a complete cone metric space and let Tf ,  be two continuous self mappings of X . 

Assume f  is an injective mapping and K  is a normal cone with normal constant M . If the mapping Tf ,  satisfy  

    ),(),(),(),(),(),( fxfTydfyfTxdfyfTydfxfTxdfyfxdfTyfTxd    (17) 

 where 1<22   , for [0,1),,   and Xyx , . Then f  and T  have a unique common fixed point in 

X .  

Proof 

If we set TS =  in theorem 3.1, the proof of this theorem is immediate. 

Corollary 3.7 Let Tf ,  be continuous self mappings of a complete cone metric space ),( dX . Assume f  is an 

injective mapping and K  is a normal cone with normal constant M . If the mapping Tf ,  satisfy  

),(),(),(),(),(),( 54321 fxfTydfyfTxdfyfTydfxfTxdfyfxdfTyfTxd    (18) 

 for all Xyx ,  and 1<
5

1= ii
 , for [0,1)i , ,51,2,= i . Then f  and T  have a unique common fixed 

point in X .  

Proof 

The proof of this corollary follows from theorem 3.4 and theorem 3.6.  

Corollary 3.8 Let T  and S  be self mappings of a complete cone metric space ),( dX  which satisfy  

    ),(),(),(),(),(),( xSydyTxdySydxTxdyxdSyTxd    (19) 

 for all Xyx ,  and 1<22   , for [0,1),,  . Then the pair ),( ST  have a unique common fixed 

point in X .  

Proof 

The proof follows by letting xfx =  for all Xx  in theorem 3.1.  

Corollary 3.9 Let f , T  and S  be three self mappings of a complete cone metric space ),( dX  which satisfy (4). 

 Then, T  and S  have a unique common fixed point in X .  

Proof 

Let k= , 0==   in theorem 3.1, then the proof of this corollary is obvious.  

Corollary 3.10 Let ),( dX  be a nonempty cone metric space and let STf ,,  be three continuous self mapping on a 

complete cone metric space ),( dX . Assume f  is an injective mapping and K  is a normal cone with normal constant 

M . Suppose STf ,,  satisfy  

 ),(),(),(),( 321 fyfSydfxfTxdfyfxdfSyfTxd    (20) 

 where 1<
3

1= ii
 , for [0,1)i , 1,2,3.=i  and Xyx , . Then S  and T  have a unique common fixed point 

in X .  

Proof 

The proof follows by letting 0== 54   in theorem 3.4. 

4. Conclusion 

 In conclusion, we observe that our results generalized the previous results of O ztu rk, M. and Metin, B. (2011) 

and Dubey et al (2014) which could be deduced from our main results. 
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