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ABSTRACT
Let X, ={L2nl 4 (partial) transformeation
a:Domac X, = Imac X, s said 1o be full or il if Dom a = X, s
otherwise is called stricily partial A map aeSing, is said 10 be order-
pr esenmg i for all x,ye X .x<y=xa<ya and the map aeSing s said
i0 be a contraction if forall x,ye X, | xa<ya|<| x=y|. In this paper, we
extend the results of [3] on ceriain Semigroups of finite full contraction maps by
computing the generating set properties of the semigroup OCT,, of all order-

preserving full contraction maps on the finite set {1,2 } through the use of

Group Algorithm  Programme(GAP). Mathematics Subjec( Classification
(2010). 20820 _
Ceywords. GAP, Generating Set, Contraction Map, Order-Preserving Map.

INTRODUCTION

The important of the study of the full transformation semlorOLp T, consisting of all mappings of the set
X into itself, is justified by its universal property in which every semigroup is embeddable in some 7.
There is therefore some interest in '

identifying and studying certain special subsemigroups of Ty. The subsemigroups of order-preserving
e]ements of T have been studied in [18]. For the finite set. X, = {1 2.0 } the full transformation
semigroup on X, is denoted by 7. A map « in 7, is said to be order- preservmﬂ x<y=xa<ya - (fo

I vove XY~ contraction if | xa <y |<lx—y| (for all : o+ X,). The set of all oraer-preserving

b=

h

contraction mappings in 7, is denoted by OCT,. and is a subsemmroup of 7,. The term contraction

mapping first appeared in [17] but algebraic and combinatorial study of the semigroup OCT, were initiated

by Adeshola[1]. Many have carried out research in Partial, Full, and Partial one to one Transformation
semmroup of order-preserving such as [7. 8, 9. 10, 11, 12, 13. 14 15] but due to the fact that LOﬂtIaCIIOH

~ma ings is a new class of transformatlon symmrou s onl few researchers have worked -on pal
p p y

contraction mappings amongst are [23] who worked on regularity and Green's relations. Garba [] l[pzode
the rank of the subsemigroup {a e PO I11/7a1<//7 2 and ae(N)} to be equal to 6(11-2 1 and its nilpotent

rank to be equal to 7n-13. [22] work ‘is based on Algebraic and combinatorial study of Partial one 1o onc
contraction and Isometry and just recently [ 2. 3 3. 20] worked on‘ranks properties of full contraction maps.

[20] initiated the algebraic study of the semxoroups C1, and OCI, . of partial one-to-one contraction and
partial one-to-one order-preserving contraction mappings of a totally ordered set 1],_,....}7} respectively.
In particular, they characterized Gxeens relations and their starred analooue in C7, and OCI,. In addition.
[3.20 investigated the ranks pxopeltxe: of (I, and OCI,. In addition. they investigated the rank
Properties of OCI,.
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[n their investigations. [22] listed some n clements of each of the semigroups of injective partial
contraction mappings and isometries of a finite chain i.e C/, (injective partial contraction mappingsi. D7,
partial isometries) and its subsemigroups consistings of ODP, (order-preserving partial isometries). and
investigated the cycle structure and the Green's relations. They were able to establish the algebraic and
combinatorial properties of some of these semigroups and some results were obtained.
The methods employed in carrying cut this research work were that the elements in cach of the
subsemigroups were listed and some tables were formed for OCT,. The elements by their heights were
arranged. within each height-class by their images sets and their kernel classes. From these tables. triangular
array and sequences were formed, the patierns of the arrangement were studied and results were obtained.
The Groups, Algorithms, and Programming (GAP), in the past, the main focus of computational abstract
algebra has been on group theory and commutative algebra, but due to a recent surge of interest in
computing with semigroups, graphs, Lic algebras, near-rings and the like, the scope of GAP has broadened
to support a more general class of mathematical structures. GAP is used both as a 'desk calculator’ for
automating large or tedious hand calculations, and so as & software development platform in which to
implement mathematical algorithms. [21] emphasises the use of [6] as a desk calculator for semigroups.
In this study, I draw particular attention to [3] because it is just an extension of the work using Groups.
Algorithms, and Programming (GAP). .
|

Preliminaries

The set 7, ,of all full transformations of X, forms a semigroup under composition of mappings calied the
Jull  transformation  semigroup. A transformation P, is said to be .order-preserving if (
Vx,yeDoma)x<y=>xa<ya.The semigroups of order-preserving full transformation of X, will be
. denoted by O, and it was first studied by [4], and independently by [18]. Also [16] studied the relative rank
of the semigroup § of all order-preserving mapping O, on a linearly ordered set X modulo the full
transformation semigroup 7',. They were able to answer the question "what is the smallest cardinality of a

set A of mapping such that (O, W A)=T7," that the number is one when X is countably finite or well-

ordered.
Lui . ootconcepts in semigroup and transformation semigioup theory, see for exampie [ 1v].-l.ct

O0,={aeT,(Vx,ye X,) xsy=>xasya or xazya} (h

be the subsemigroup of 7, consisting of all order-preserving full transformations of X . Also let

CT,={oeT,(Vx.yeX,) |x-y2xa-yal} ()

be the subsemigroup of 7', consisting of all full contractions of X

7 ne

Let O, and CT, be as defined in equations (1) and (2) fespectively and let

OC:]; = OH M CT;: : (3) {
Let
Ay Ay s A
a=| , ’
5 a,-a, - a, .
where a, <a, <--<a,, 4 <A, << A, and the_ partition {Al.'Az.---.Ar'}- will be called convex

~

n-1

partition see [1. 2, 3, 20] for details. Some possible image sets for elements in K, _, are as follows
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. (12 i=1 i i+l i+2 n)

o, -:I _ ’

L 2ed=l e
(n n-1 {i+l) i1 10

) [ n n=1 - i+2 {i,i+l} i-1--+ 1
hﬁ'l_\n»l n=2 i+l i d=l- 1

From the array of table mentioned in the introduction we have -
(s £
A=1{6,,6,.....6,_,}
and

o — Jo 1 5
) An—'l“{/“l""? /"n—-]’}/l"'“'}/n—l}'
Semigroups of Order-Preserving Contraction

Each map « € O, can be written as

A A, A,
a = 5
\(Z] a, - [ZF

4

where im (@) ={a,, a,,...,a,} and 4, 4,,..., 4, are_equivalence classes under the equivalence

2<is<n=-2),

j Q<i<n-2).

)

kera={(x, y)e X, x X, “xa = ya}. Thus, xa =a, whenever x e 4,(1=7< p).

Lemma3.1 /3, Lemma 5.5] rank (OCT )< n—1.
Proof:

As defined in equations (3) and (4), it follows that any generating set for K _

(or OCT,) must pick from

each of the po>smle Kernel classes and also from each of the possxble image sets in K, ;. Thus.

rank (OCT, )> n—1.
We give e\ampIe> to illustrate:

Example Fm elements 4= {6,,, 6,5} in OCT with the same ran}\ rank (OCT,) = n—1.

1,2} {3 11 42,3}
51‘2: {1,2} {3} ’ 52‘3‘: s jf
, 12 2 3
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Example 2: Forelements 4 = {J,,. 0,;. 054} in OCT, with the same rank. rank (OCT,)=n-1.

P _({1.2} {3} {(4) s [0S L (2340
o203 S Y 4 *'234/5

Example 2: Forelements 4= {6, ,, 6,5, 6, 4,0, ¢} in OCT, with the same rank, rank (OCT,) = n-1.

5 :({1,2} {3} {4} {5}]’ 5, :’({1} (2,3} {4} {5}}
N S T 27 2 3 4

,‘,

5. = ({1} 2649 {5}], 5. = [{1} 23 {4,5})
Tl 2 03 4 , 34 5

Remark: Note that the semigroup OCT, is certainly not regular. For example, il n > 4,

().

1} {2,3} {4} a
o (O 2I@) oo
1 2 3
Then- by [1, 20, 23], « is not Regular in OCT,.
(2). ' i
. ' ({1 {2} {3, 4} {5})
__[mae }LI}EOCTS.__
| L2 3 4 s,

Then.by [1, 20, 23], ais not Regular in OCT;.

Lemma 3.2 Forany n =3, rank(OCT)=n-1. "

Proof: ,
gap- - a := Transformation ;2. 3. 3|y
Transformation([2. 3.3])

|

.gap - b = Transformationt|!. I.

Transformation «f|. 1. 2.])

gap - s = Semigroup {a. b;; |
semigroup with 2 generators - » ' : JEE

gap- Size(s); ‘ B

L5 _ l . %



(|
|
1
.

gap> Elements(s):

2
3

(the identity element).
.. }7)

9

Transformation( [ 1, 1, 1 ]), Transformation( [ 1, 1, 2 1).
Transformation( [ 1,2,2]), ransfﬂmmmn( [2,2,21),
Transformation( [ 2, 2.3 1), Transformation( [ 2, 3, 3 1)
Transformation( [ 3, 3,3 ]).
Lemma 3.3 Forany n=4, rank(OC71))=n-1.
Proof:
gap - = Transformation (12, 3. 4. 4}y
Transformatxon [2. 3.4.4])
gap -~ b = Transformatlon (f1.2.2, 3]
Transformation ({1, 2. 2, 3])
gap =~ ¢ = Transformatlon({ 2050
Transformation ([1. 1. 2. 3])
gap » § := Semigroup (a. b, ¢);
< semigroup with 3 generators >
gap > Size(s);
(1 % i nj o
19 + , (the identity element).
1 2.1

gap> Elements(s);
[Transformation( [ 1, 1, 1, 1 1), Transformation([ 1, 1, 1, 2 1),
Transformation([ 1, 1, 2, 2] ), Transformation( [ 1, 142:3] )
Transformation( [ 1,2,2,21]), Transformation([ 1,2,2,3]),
Transformation( [ 1,2,3,3]), Transformation( [ 2,2,2,21),
Transformation( [ 2,2,2,3]), Transformation( [ 2,2, 3,3 ]),
Transformation( [ 2,2,3,47), Transformation( [ 2,3,3,3 1),
Transformation([ 2,3,3,41]), Transformation( [ 2,3,4,4]),

S0 3,3,3]), Transformation( [ 3, 3, 3, 4 1
Transformation( | 3 3,4,41]), Transformation([ 3,4, 4, 4 1),
Transformation( [ 4,4,4,47)] ’

7

Lemma 3.4 Forany n =35, rank(OCT,) = n—

Proof:
gap —Transformatton [2.3.4.5. 5],
Transforlnatlox1t[_‘, 3.4, 5,50 . ’
gap - b := Transformation ({1. 2. 3. 3. 4]);
Transformation ([1. 2. 3. 3.4/
gap - ¢ :=Transformation (] '. 2. 2. 3. 4|);
Transformation ([1. 2. 2. 3,47
- gap . d :=Transformation (1. {. 2.5 4
Transformation (j1. 1.2.3.47;

gap s :=Semigroup (a. b. . dy;
* semigroup with 4 generators -
gap - Size(s):

1
. gap> Elements(s); -

1 2-n . -
47 + ' , (the identity element).
' 2 -in o

Tnternahoml Journal of Physical ‘§Clenco \ olume 11 Nuwmnbes!?



Gap: Generating S

Lemma 3.5 Forany n =6, 1
Proof:

gap -~ a
Transformation{[2.
gap - b = Transform@

Transformation ([1. 2. 3. 4. 4.~

gap = ¢
Transformation-{{ 1. 2. 5. 3. 4.
O'ap
- Transformation (| 1.

~
Lo v ¥

“gap d = Transformation (.

A

Transformation ([1. 1. 2.3. 4.5

gap == § = Semigroup (a. b. ¢

= Transformation {1z
3,4.5,6.6

= Transformation (| i

-d = Transform’ttion (i

[Transformation( [ 1. 1, 1. 1. 1 ]). Transformation( [ 1.
Transformation( [ 1. 1 12,2 l . Transformation{ [ 1,
Transformation( [ 1. 1. 2. 2.2 ] ). Transformation( [ 1,
Transformation( [ 1, 1.2. 3,3 ] ), Transformation( [ 1,
Transformation( [ 1, 2,2, 2.2} ), Transfor mation{ [ 1,
Transformation( [ 1,2,2,3,3 ] ). l‘ransfomuanon([ I,
Transformation( [ 1,2.3,3,3 } ) Transformation( [ 1,
Transformation( [ 1,2, 3, 4, 4 1), Transformation( [ 2,
Transformation( [ 2. 2,2, 2,3 1), Transformation( 2,
Transformation( [ 2, 2,2, 3,4 1), Transformation( [ 2,
Transformation( [ 2, 2, 3, 3, 4 1), Transformation( [ 2,
Transformation( [ 2, 2,3, 4, 5 1), Transformation( [ 2,
Transforma?lo (12,3,3,3,4 1), Transformation( 2,
Transformation( [ 2, 3, 3, 4, 5 | ). Transformation( [ 2,
7 ransformation( [ 2, 3,4, 4, 5 | ). Transformation( | 2,
Transformation( [ 3,3, 3, 3,3 1), Transformation( [ 3,
Transformation( [ 3, 3, 3, 4, 4 | ), Transformation( | 3,
Transformation( [ 3, 3.4, 4, 4 | ), Transformatipn([ 3,
Transformation( { 3, 3, 4,5,57), Transformation( [ 3,
Transformation( [ 3, 4, 4, 4, 5 | ), Transformation( [ 3, 4,
Transformation( [ 3, 4, 5, 5, 5 | ), Transformation( [ 4,
Transformation( [ 4, 4, 4, 4, 5 1), Transformation( [ 4,
Transformation( [ 4,4, 5, 5, 5 ] ), Transformation( [ 4,
‘Transformation( [ 5,5,5,5,57) ]

ank(OCT,) =n-1.

2.3:4,5.6,6)]);
61) |
2.3, 4,450y
I
2030304030
]
22,3450,
4.3
R PRI S b
1

de):

a

semigroup with 5 generators

" gap - Size(s);

111+ , (the identity element).
S 1 2.---n). A 7

~ gap> Elements(s);

[ Transformation( [ 1, 1, I, I.
Transformation( [ 1. 1. 1, 1.
Transformation( [ 1. 1. 1, 2.
Transformation( [ 1. 1. 1. 2.
Transformation( [ 1. 1. 2. 2.
Transformation( [ 1. 1, 2, 2.
Transformation( [ 1, 1,2, 3.
_Transformation( [ 1, 1, 2, 3.

L11), Tr ’meOImdUOn(
2.21). Transformation(
2.21]), Transformation(
3.3 1), Transformation(
2.21]), Transformation(
3.31]), Transformation(
3.3 1); Transformation(
4.47), Transformatlon(

i

[1
[1
[1
[1,
[1
[1
[1
[1

S S S

—
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Transformation( [ 1.2.2. 2. 2.2 | ). Transformation( [ 1.2.2.2.2.3 ] ).
Transformation( [ 1.2.2.2.3.3 ). Transformation( [ 1.2.2.2.3.4 ]).
Transfermation( [ 1.2.2.3,3.3 ] ). Transtormation( [ 1.2.2.3.3. 4 ]).
Transformation( [ 1.2.2.3, 4,4 ] ). It dn.xformanon([ 1,2,2.3,4,5]).
Transformation( [ 1, 2.3, 3,3, 3 ] ). Transformation([ 1,2, 3,3,3,47]).
Transformation( [ 1,2, 3,3,4,4 ] ), Transformation([ 1,2.3.3.4,5]).
Transformation( | I, 2,3,4,4,41]), Transformation([1,2,3,4,4,5]).
Transformation([ 1, 2.3.4,5,5 7). Transformation([2,2.2.2.2.21]),
Transformation( [ 2.2.2.2.2,3 ] ). Transformation([2,2.2.2.3.3]).
Transformation( [ 2,2.2,2,3,4 ]). Transformation( [ 2,2,2,3,3,3]),
“Transformation([ 2, 2,2, 3, 3,4 ] ). Transformation([ 2,2,2,3,4,4]),
Transformation( [ 2, 2,2, 3,4, 5 ] ). Transformation( [ 2,2, 3,3,3,3]).
Transformation( [ 2, 2, 3, 3, 3,4 ] ), Transformation([ 2,2, 3,3,4,4 1),
Transformation ([2,2,3,3,4,5]). Transformation( [ 2, 2, 3,4,4,4]),
Transformation( [ 2, 2,3, 4, 4,5]), Transformation([ 2,2, 3,4,5,5]),
Transformation( [ 2,2, 3,4, 5,6 1), Transformation([ 2,3, 3,3,3,3]),
Transformation( [ 2,3.3, 3, 3,4 ] ). Transformation( [ 2, 3,3, 3,4,41]),
Transformation( [ 2, 3, 3, 3,4, 5 ] ). Transformation( [ 2,3, 3,4,4,4 1),
i Transformation( [ 2, 3.3, 4, 4,5 ]). Transformation( [ 2,3, 3,4, 5,5 ),
Transformation( [ 2,3, 3,4, 5,6 ] ). Transformation( [ 2, 3; 4, 4, 4. 4 1),
Transformation( [ 2, 3,4,4,4,5]). Transformation( [ 2,3, 4,4,5,5]),
Transformation([ 2,3,4,4,5,61), Transformation( [ 2,3, 4,5,5,5]),
Transformation( [ 2, 3,4, 5, 5,6 1), Transformation( [ 2, 3,4, 5,6,6]),
Transformation( [ 3, 3, 3, 3, 3, 3 ] ), Transformation( [ 3, 3,3,3,3,41),
. Transformation( [ 3, 3,3, 3,4, 4 ]). Transformation( [ 3,3, 3, 3,4, 5 1),
Transformation( [ 3, 3,3, 4, 4,4 1), Transformation([ 3, 3,3, 4,4, 5 1),
Transformation( [ 3,3, 3,4, 5,5 1), Transformation( [ 3,3, 3,4, 5,6]),
Transformation([ 3, 3.4,4, 4,4 ]). Transformation([ 3, 3,4,4,4,5]),
Transformation( [ 3, 3.4,4, 5,5 1), Transformation( [ 3,3, 4,4,5,6]),
Transformation( [ 3, 3,4, 5, 5,5 1), Transformation( [ 3, 3,4, 5,5,6 ] ),
Transformation( [ 3, 3,4, 5, 6, 6 1), Transformation( [ 3, 4, 4,4, 4,4 1),
Transformation( [ 3,4 4.4,4,517), Transformatic~/[3,4,4,4,5,5]),
Transformation( [ 3, 4, 4, 4, 5, 6 1), Tr ansfoxmatlon( [ 3,4,4,5,5,51),
Transformation([ 3, 4,4, 5, 5,6 ] ), Transformation( [ 3,4, 4,5,6,6]),
Transformation( [ 3,4, 5, 5, 5,5 1), Transformation( [ 3,4, 5,5,5,61),
Transformation([ 3,4.5, 5, 6,6 ]). Transformation([ 3,4.5,6,6,6]). _
_Transformation( [ 4,4,4,4,4,.41). Tr ansfmmatlon( [4,4,4,4,4,57), s
Transformation( [ 4.4.4,4,5.5]). Framformatlon( [4.4.4,4,5.6]), ‘
Transformation( [ 4, 4.4, 5, 5.5 ]). Transformation( [4,4,4,5,5,6]).
Transformation( [ 4, 4,4, 5,6,6 ] ), Transformation( [ 4,4, 5,5,5,57),
Transformation([ 4,4.5.5.5,6]), Transformation( [ 4,4.5, 5. 6.6 ] ),
Transformation( [ 4, 4, 5, 6, 6, 6 ]), Transformation( [4,5,5,5,5,5]),
Transformation( [ 4,5, 5,5, 5,6 1), Transformation([ 4, 5, 5,5,6,6]),
Transformation( [ 4, 5. 5. 6, 6, 6 ]), Transformation( [4,5.6,6,6,6]),
Transformation( [ 5, 5.5, 5,3, 5 1), Transformation( [ 5, 5, 5,5,5,6]).
Transformation( [ 5, 3. 5, 5, 6, 6 ] ), Transformation( [ 5, 5. 5, 6, 6, 6 1),
Transformation( [ 3, 5, 6, 6, 6, 6 ), Transformation( [5, 6.6,6.6,6]),
: Transformatlon( [6,6,6,6,6.6])] ' :

o

Theorem 3.6 /3, Theorem 5. 6/ Forany n2 2. rank(OCT,)=n-1.

CONCLUSION o »_ . o _
~ This paper is strongly an extension of work and results in [3]. We only present those results of |7 |

Using Groups, Algorithins, and Programming(GAP). The summary of the number of élements generated is

g . . . o



as shown on Table 4.1 below.

be looked into in Semigroup of Order-Decreasing Contraction, DCT,. Semigroup of Order-P
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Investigation using Groups. Algorithms, and Programmii 12(GAP) can als

FCSCI'\'IH},:’ Q

Order-Reversing  Contraction. ORC7,. Semigroup of Preserving or Order-Decreasing Contraction
ODCT,.
[ F 2 |3 4 15 |6 OCT. |
4 . i l n ’
| 1 I 1
2 2 |1 L 3
3 3 14 (1 T77 8
| 4 4 19 6 o 20
5 5 16 18 8 |1 48
L6 16 125 40 [30 [10 [1 J1i2 |
Takle 4.1
-
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