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a: Dotlt ct c -Y,, -+ ln a c.\',, rr sui,l ltt be ftrll or tt,t,tl y Or,r, a - .\.,,.
othent'ise is called strictly pctrriar. A tnap ct e sing,, is saicr to be orcre r-
preserving if, for all .t-,),€,.1',.-r< 1t:=y61 11ts or4 tio ntop GL:Sing,, is suic{

tobeacontractionf foratl .y.J/eX,,, lrc<),al<1.-;_),j. Itrthisp,pct.,r,e
extend the resu!ts of 13J an cer.tcrin seruigroups o.[JiniteJittt c.otttt.action maps b1,
computing rhe generating set properties of the sentigroup ocr,. of alt ot.cler.-

presen'ing fLtll contraction mcips on the finite rrel {i. 2,...,r} Ihrough rhe use of
Group Algoritlu, Prograntne (GAp). r,Iutrtemarics subje ct clussiJicatio,
(20 t 0). 20M20
Keywords. GAP, Generaling set, cantrqcrion Map, order-preserving A,lap.

INTRODUCTION
'l'he imporlant of the stLrdy of the full lransformation semigroup I;, consisting of ali rnappings olthc scr

'Y into itself,, is jLrstified by its r-rniversal oroperty irr rvhich ei;ery scnri-eroLrp is embcddablc i:r sorrc 7', .

There is tlierefore some interest in
identifying and studying certain special sltbserni,groups of r". The subsemisroups ol-order-prescrvirg
elements of l' have been studied in il8]. For the finite set X,= {1,2....,,t1. the full transforination
semieroLtp on X, is denoted by 7,. A rnap a in T, is said to be order- preserving x(-y=) xdlt.u irhi.
-!l ' t c l: ) ^- I a.contraction if lxa s),ol1lr-),1 (for all .r,. x,,;. l-hc set olall oro"r-presurvrjr!
contractiol.t mappings in f, is denoted b,t OCf,,. and is a subsernigroup of 7,,. I'hc tcnn coptractitr,,
mapping first appeared in Il7l br-rt algebraic attd combirratorial stLrdy olthe senrigr oup OCI',, rvere iniriarccl
by Adeshola[l] Many have can'ied oLit researcJr in Partial, FLrll, and partial one to onc.ll-anslor.rraiio,
semigror-rp of order-preserving such as [7. 8,9. io, tt. 12, 13.14, l5] brt J.e io ,rr. ru.i,r;;;a;;;,;;i;;;,
mappings is a ner'r' class of transformation senrieroups only few researcl,.r, l1uu" ,oorked or.: rrili.ijr.lcontraction mappings arnongst are f23] rvho rvorkeJon're_e,-rlariB, and Crecn,s r.ir,io,rr. C;rb" fii'Lp,.rr.l
tlre rank of the subsemigroup {ae Po,,:!inrai!/n-2 ani ae('N)} to be eqr-ralto 6(;r-t; anci its nilpo.rcnr
rank to be eqtral to ltt- l)' []ll rvork is basecl on Algebraic and combinarorial stLrdv ol' parrial o,,. ,o o,,,.contraction and Isometry atid jLrst recetttl-r I l. l. l0] uorked on rarrks propertics oi rrLr .o,rt",.iio,,',r,i.,
[20] initiated the algebraic stLrdy of the scrrigroLrps C.1,, and oCI,,. of partia) onc-to-or.le coptractio. a'.tj
partial one-to-one order-preserving cotttractiorr rnappings of a totally ordered ,.t {t. 2, ..n} respectiv.-i,r.
In particular, thev characterized Creen's relations and iheir starred analogLle ir-t CI,,ar-td OCI,,. In aciditi'r.
t3' rg] invest'ieated the ranks propenies of C./,, and OCl,,. In ,cai,loi,. ttr.l i,,r.r,lgarccl rhe rairl:
Properties ol OCI,,.

IntJr,atiorlar Journrrr oIphrsical scicnr:c, vorumc il. Nunrber I.20Pr':ttiL,! i;r -\'l,g;r'irr -1ll Right Ri.s,'r'r'.',1 rs.cr, :rltlr-i()61 c'.pyr-i.lttt lt) l(t1.)riir..rrr.!.,1.
(l'\l): G[\EIt{'rl\G sIT' I\ sr:]ii(;ttoup ot.- F tr\tlt: onr)t:tr_pi{t:st:tr\.r

I

Corr espotttlcttce .-lullror: ,4. D. ,-ldeshofu E-ntail: uileslto!tr.rlLrtttlrt.ii lolastt.elLt.ng: ntlesoliulturluli..t.ohoo.tottt
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Gap: Cen.cra.ting Set in Scmigroup oI F'inite Orrlcr-Prescn'ing Full Conlr:rctions

In th.'ir iitrestigations. []ll listcd sonr* ,? cle rncnts ol eacir ol tltc sL.nritroups of irr.jr-clir r' pr r;i]l

contraction mappings arrd isonrctries ol a flnite chain i.c CI,,( injcctire parrial conlracrion nrrppinl.-\). /li],
prfliai isoittc'tries) and it-s subscnrigrlrrlt-s consistings ol ODP,, lor,lcr-prcscr\ irrr prnirl isorrrctrics). liirri

investigated the cy'cle slructure ard the Oreen's relations. The_v rvere able ro establish the aigebriic arrd

combinatorial properties of some of rhese semigroups and some J.rL,lrs uere obtained.
The rnethods employ'ed in carn,ing cut this rescarch rvork rvere that the elerncnts in cach o1-thc

subsemigroups \vere listed and sonre taSies ri'ere lonled for OC'l-,,. The clcrrents b,\ thcir lrr-irhis r',crc

arranged. ri'ithin each height-class bl,tireir images sets and their kernel classcs. ilronr thc'sc tablcs. triarrgLrllr
arral'and seqtlences u'ere formed. the paiierns of the arrangentent \\'ere stirdied and rcsults riere obtliinc.i.
The Groups, Algorithms, and Prograirming (GAP), in the past, rhe main loclrs of compulational abstract
algebra has been on group theory and commutative algebra. but due to a reccnt sur-ee of inlei-cst irr

ccimputing ivith serriigroups, graphs, Li,,'algebras, near-rings and'the like, the scope of GAP has broarjcncci
to support a more general class ol maiirematical strurctures. GAP is used both as a'dcsk calcLrlalot' ibr
autontating large or tedious harrd calculations, and so as a soltrvare del't'loprrrent plltlorm in rvhicir to
implerient mathematical algorithms. [2i] tmphasises tl-ie use ol[6] as a desk calculator for scnrigroLrps.
In this stLrdy. I drarv particr"rlar atteirtion to [3] because it is just an extcnsion ol the lvork using Crroups.
Algoritlrrns. and Prograrnming (CAI'1 

,

Prclim in a rics

The set f,,olall full transforrnations ol Xn forms a senrigroup under composition of mappings caiicci l/rc

Jifl ffansformalion sentigraup. A transforrnation P,,is said to be orcler-pleserving i{- (

Vx,ye Doma)x<y=>xaS.),4. The semigroups ol order-preserving lull translorrnation of X,, rrill bc

denoted by O,and it rvas first studied by [a], and independently by [8]. Also |61 stLrdied the relaiivc rank

ol the serrigroup S of all order-preserving rnapping O^.on a lincarly ordercd set XrnoclLrlo thr- lLrll

transformation semigroup 7,. They r,t'ere abie to ansr\;er the question "rvhat is the smallest cardinalitr ola
set I of mapping such that (Orut1):7.r" that the number is one r,vhen X is countably finite or rr,cll-

ordered.
,-, ,,. -. lconceptsinsemigrour,.utcl transformationsernigrr.;uprheory,seefore.\antpleilyj.i,ci

O,={ae T,:(Y x,y. X,,) x<y=xd<ya or xa2ya} (l)

be the subsernigroup of l, cottsisting olall order-preserving firll transforuratiorrs oI X,,, Also lct

i
CT,,={aeI,:(V.r.j,€.1-,,) I-r-l,l>l xa-1,a1} (2)

be the subserrigroup of f, consisting ol allJiill contractions of X,, .

Let O, and. CT,, be as defined in eqLrations (l) and (2) respectively and let

OCT,, = O,, iCT,, (j)

Let

A A,

0.

A\tt
t.nl

(1 
-

1-

parlitiorrsee[.2.3.20]fordetails.Sornepossibleimagesetsforelementsin K,-, areasloilorvs '
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2 -1 li.i-11 i-1.'. tl

-l , i-l ...;:-l
()1i<-n-1\

11 <i1n-)\tt Lt.

(25i:<n-2),

{2<isn-Z)

(4)

)
)

d *l l

U t t=l -

n n-l ...i+2 {i. r+U i -l ... I

I 2 ..-i-i i i +l ... n-l
(

L

1 2'.'i-l
n-1 n-2.'. i+1

( ,, 
)

t)
{i. i +u

.1
t-t...

'/ i,r+1 :
n n-l ...i+2 {I, i+1} i-l..,

n-l n-2 .'. i+l i i:l .;
(
I

flrom the anay'of table iren'Lioned in the ]L,lic:l:iciion rt'e have ,

1- lc -f, I,n - 1{'t-, ..,,.u,,_tJ

and

K,-r = {A,..... }.,,-1 ,/1,...
Sem igroups of Order-Preserl' ing Contra c{ion

Each trap d € On can be written as

.,\
I n-l l'

I

.I

A=
At 11)

{:lt 0,

A

.4.

rvhere int(a)={ar,a2,...,an} and Aj,:1r,...,An are equivalence classes u[der the equiYalellcc

kera ={(x, y) e X,,x Xn:xd = yd}. Thus. xa=ai whenever xeAi(l<iSp).

Ier.r.irna 31 [3, Lentma 5.5J runk (OCT,.) < rr-1.

P roo i:

Asdeflnedinequations(3)and{4),itfollou'stha1anygeneratingselfor K,,-, (orOCl',,) rnLrstpickh"orrr

each ol the possible Kemel classes arrd also from eaclt ol the possible itt:agc scts irt ff,,-,. Ilr.r'.

rank (OCT,)>-.n-l
\\'e 

-eive 
examples ro ilh-rstrate:

Example t: ioi elements A = {61.2, d, ,} in OCf ivith the same rank, rntik {OCTr) = n-1

tVCx

^ (1r,21 1;y)o'',:I r z)'
{1} {2,3}
Z)

6""

:-Effir;ffir@:s@rE"EEEri,l+_sn-jii :sEffi
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Exarnple 2: For elements I = { d-i.:. d,.,. dr.,l in OCTrrvitir tite sarue rank. rutrk (OC f, ) - n L

d,,,
{1,2} {3} {4}

1 2 3

{2} {r.3i {1}
tatJJ

,li t,)l r-t .11
irJ ijJ \J.4.'

23 4
\-u,. - ,i-,= )

I
I

Erample2: Forelements A-- {6,..,5r.r,6r..,,4.r} in OCf rvirhthesame rank. runk (.OCI-,} = n-1.

- ({1,2} tr ' r: 15:)d,, -l l.
I I r -;)

. ({t} {2i 3.-: iri)
O,,=| l.(l 2 .)

6r.
(u

, =[,
j {2,3} {4} {5}

-aAz)+

{u {2} {3} {4,s}
2 34 5

e OCT,

51

Rernark: Note that the semigroLry OCT,, is certainll, not regular. For example, il n > 4,

(1)

o =(tt., 
{2,3} t4}l 

e oCru.[r 2 3)

The1zby fi,20, 231, a ts not Regular in OCT..

(2)

Itr] {z} t:A =,',

[2 3

)iA\TT-,I

4 5
i

Then by [], 20,23J, a is nor l?.egulat'in OCT,.

I emrna 3.2 For any' n = 3. rank(O(-7',) : n -1
Proof:
gap a ;= 'lransformation i:-1. :'. .l I :,

Trans[orrnatiepll []. -1. -l | 1

'gap b :=Translormationil l. l. ilr:
Transformation tl l. l. l.lt
gap . s :: Semigroup la- ht;

semigroup rvith 2 generators -

gap-Size(s);

-]

\-

I
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1 ...
I 2 .-.n

1 2.-.rt
!

I

l
)

)
. (lhe idcntii) clL'ntcnrl

llP:' l; i"titcn i--<( S):

l'ransfornrarion( [ 1, i, I ] ),
Transformarion( [ 1, 2, Z ] ),
Transfonnation( [ 2, 2,3 ] ),
Transformarion( [ 3, 3,3 ] ).

'lransforn.::lioa( 
[

Transfcr:r:aiion( [
Translor;retiorr( [

ii,
1))

).
).

).

\

Len:ma 3.3 For dn! tt = 4, runk(OL''i',,) = n-1.
Prool
gap\r. a :- Translormation { Il. 3. -1. -l; r;

Transformation([2. 3. 4. 1])
gap :' b := Transformation (f l. 2. 2, -il r;

l'ransformation ([ I , 2. :. 3] ]

gap .:- c := Transformation (f l . l. 2. 3]r:
'fransformation ([ I . t. 2. 3] )

Bap > s := Semigroup (e. b. c);
',,. semigroup r.vith 3 generators >
gap - Size(i);

fi 2...n\19+l l(theidentityelemenr).
Il 2...n)'

gap> Elements(s),

[1'rarrs lorrnation(
I'ransformation( [
T'ransforrnation( [
1'ransforrnation( [
'lransformation( 

['lransformation( 
['I-ransforilation( 
[
L

Translbrrration( [
Transforrnation( [

Lernma 3-4

Proof:

ant'n riik(OCT,,

tr, r, r

l, 1,2,
l1at)L,!,

I,2,3,

4,4,4.

.l
2)
2)
JJ
3l
4)
4)
3l
4)
4)

l),
),

),

),

),

),

),

),

),
)l

l'ransfbrnration( [ I,
Transfcrniation( [ I,
Transibrmation( [ l,'lranslbrrnation( 

[2,
frarrsformation( [ 2,
Transfbrmation( [2,
Translormation( [ 2,
Transforrration( [ 3,
Transforrration( [ 3,

1,1,2)),
lL2'3 I ),
/.,/..)l).
t ) )1\
-'-,' ) )l

2.3, 3 ) ),
).r,JJJ,
3,4, 4 I ),
J) J1 t 

) )\

4.4,4)).

)))

)=n-l
gap a :: Translorrnation r 11. -1. -t. .;. .- ,

gap D := l-ransformation( jl.l. -r. i.-tl;;
Transfomation ( [ I. ]. l. -1. * i)
gap c :=Transforrnationi j 2. l. i. -i ;

il

ili

. 
l ransfbrmation rl i. l- l. l. I r ;

gap s :: Semigroup (a. ir. . . .l t;
seiriieroup rvith 4 generators -

gap Size(s):

47+
12
t2 )) , un"ictentiry elenrent)

gap> Elements(s);

l
l
l
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lTrlrrsfornretion( ll. r. r.1. I I ). Tran s lorntat io n( li. 1.1. r rll.
3l).
jlt.
rl r+)).
i t!

J I ;.

.t I ralJ.

+l t.

2l).
lll- ) ,.
3l),
4l).
3l ),
4l),
4l).
5l),
dlr
' I )-

sl),
sl),
4l),
5l),
4l ),
5l),
sl),

1. r. r.3,
lr,1.l.l.
I r, 1,2. i.
L 1.2,2.2.
rl I11
L r, r1 rr J!

[ 1,2,3,3.
t11) )
l) 1) i
L -' -\ -' 

J,

r? ? I i
12,2,3,4.
I l, ), )' ),
f 4 a a A

li,JrJ.+,
f 

^ 
1 I .t

l!,),q.+.
12,3.4, s,

[ 3,3,3,3,
I J) J\J1 t)

[3,3, 4, 4,

L3,4,4,4,
13, 4, 4, 5,

| 4,4,4,4,
| 4, 4,4,5,
[ 4, 5, 5.5,

l'i-ansfbrntat ion(
'l'ransi-ornuttion(

1-rans ib rnr ation(
Transformaiion(
'l'rans{bi'rnal ion(
Translormation(
Transfornation(
Translormation(
1'ranslormation(
Transforrtration(
1'ranslormation(
Transfo rrnat ion(
:l-rans lornr at io n(

1-ransf'ornation(
Transfortnatiorr(

), Trilnsibrrnation(

). Translormatipr-r(

). Translormation(

). Translonnatior-r(

)" Transformation(

), 
'fransformation(

), Transfonration(

)l

I r. r. 1. ].:
[l. 1.1. 2.:l
I r, r.?.3.3
{ 1 ,2.2.2.:
rrrrii
L L. Lt -\ 

J1"

rl ? i 1l
L t, -' 

qt 
-1-

f 1.2,3,4,.1
t) ) 11i
t11') 1. J
L L, 

'\ ", J _\ t

12,2,3.3,4
t1) l c a
L /, '\ e, t1 r

f A 1 a - I

[/,J.J.J,q
f ? 3 i.1 i
r? i 4 d i
[ 3,3.3,3, i
[3,3,3,4,.i
13,3.4,4,4
[ 3, 3,4, 5, 5

13,4,4,4,5
[3,4,5,5,5
L4,4,4,4, 5

L4,4,5,5, 5

[ 5,5,5,5, 5

'f riinsforrnat ion(
Translonnation(

).-l-ranstonnation(

). Translornation(
), 'iranslormalion(

.,, Translormation(
). lranslorniation(
). Transibrmation(

), Translornration(

).'l-ransforrnation(
). Transforrnation(

). Translormation(

), '1-rarrslormation(

). Transfornation(
).'l'rairslormation(
). 1-ranslormation(

). Translorn-iation(

Transformalion(
Transformation(
Transformation(
Transformation(
Transformatic,n(
Trarrsfo rrnation(

Lemnra 3.5 For ztl! t7 = 6, runk(OC7-,,) - n -1.
Proof:

Bap ,' a :: Translormation i -" 3. -1. 5.6.6]):

Translbrmationi[2. i. ]" r. b ',1)
gaP D :: TransformrL' l. l. .. l. 5lt;
Trdnsformation ti i - l. l. -1. ; il

Sap c':-'l'ratrslorillalinll - l' ': i' -1 r:

Trartslblrttation r | .. -. .'. .1. : '

gap r/ :: Translornlatiot-, i l. l. l. -1. 1. -;]t:
Tralrslortttatiolrrli. -'. -- I 'i
gap .' d :: Transforrraliorr r, i. l. -'. -l- : jrl
Translorttration tl l. l. l l. : t ,

BaP 
j. s :: SemigroLrp (ii' i-'' ' ' '1-e);

sentitrotrp u ith 5 9e llcl'Lri" :

gap Sizc(s):

111 +
12
12

n
, (the idcntitl,' element)

gap> Elenrents(s);

I Trausfot'tration( [ i. I

Translorntation( [ l.
-l-rartsfbnration( [ 1.

l-ransforrnation( [ l.
'i"ransfbnlation( [ 1.

Transformation( [ l.
Translormation( [ 1,

Tlansformation( [ i.

Translorrralion( [ 1

I ranslornratlon( i I

Translbrnration( [ 1

Transfonration( [ I
'lransformation( [ I
-fransfornlatiorr( [ I
'lransformation( i I
'fransformation( [ 1

. l, l, 1,1,2)).
,1,1.t.2,31).
, 1, 1;2.2, 3 I ).
.1, 1,2.3, 4 )).
,1,2,2.2, 3 I ).
,1.2,2,3, 4 I ),
, 1,2,3.3, 4 1),
,1,2,3,4,5 ]),-.

i.1.1. il),
1. 1.2.21).
t.2.2.2)),
1.2.3"31),
? 11?l\
L. .. :. , 

') )\

2,2. 3.3 )),
? l r 3l)
_, J. J\ 

' ) /'

2,3. 4. 4 l),1



Intcrnltional Jorrrnul of i)hrsicll Scicrrcc, \-olunrc 11. Nurrtbei ! j0i(r

[2,2.2.2, i.4 ] ).
12,2.2,3.3,4 I ).
[2.2.2,3,4,5 ]).
12,2,3,3,3,4 ] ),
12,2,3,3.4,5I j.
12,2.3,4,4, s l).
[2,2,3,4, 5,6 ]).
12,3.3,3,3,4l'.
[2.3,3,3,4.5 ] ).
12,3.3,4,4.5l).
12,3.3,4,5,61),
12.3.4,4,4. s l)"

Transformation( [ 2, 3, 4, 4,5, 6 ] ),
Transfonnation( [ 2, 3.4.: ,5, 6 ] ),
Transforrnation( [ 3, 3. 3, 3, 3, 3 ] )

. Transformation( [ 3, 3, 3, 3, 4, 4 )),
Transformation( [ 3, 3, 3, 4,4,4 )),
Transformation( [ 3, 3. 3, 4,5, 5 ] ),
Transformation( [ 3, 3.4,4, 4,4 )),
Transformation( [ 3, 3. 4, 4, 5, 5 ] ),
Transformation( [3, 3,4,5,5,5 ] ),
Transformation( [ 3, 3, 4, 5,6, 6 ] ),
Transfbrmation( [3, 11 4 [" 4,5 ] ),
Transformation( [ 3, 4,4,4,5,6 ] ),
Transforrration( {3,4.4,5, 5, 6 ] ),
Translorrnation( [ 3, 4, 5. 5, 5. 5 ] ),
Transfornration( [ 3,4. 5, 5, 6, 6 ] ).
Transforrlation( [ 4, 4. 4, 4,4. 4 ] ).
l'ransformation( [ 4, 4. 4, 4,5, 5 ] ).
Trarrsforrnation( [ -1. ]. 4. 5. -i. 5 ] )
Transformation( [ 4. 4, 4, 5,6. 6 ] ),
Translomation( [
1-ransformation( [
Transformation( [
Transformation( [
Transformation( [
Transformation( [
Transformation( [
Translorrnation( [

-l'ransfirrnrrtlon( 
[ l- ]. l. l. l. : i t.

'franslhrmalion( 
[ l. ].:. l. i.i I l.'ir:ii:,.tirr:rliicn( 
[ 1. ].:. -r. -f . j ] I'l-ranslbrniation( 
| l. 2.).3. +, 1 I ).

Transformation( [ l" 2.3,3.3,3 ]).
Transfbrmation( [ 1, 2.3.3.4,4 ] ).
Transiormation( [ 1,2.3, 4,4, 4 ] ),
Transformation( [ 1. 2.3. 4.5, 5 ] ).
l'ransiormation( [ 2.:.2. ]. I,i I ).
1'ren slbrnt ation(
'fransformation(

Transformation(
1-ranslormation(
Transforrr ation(
'l-ransformation(
'l-ran sformation(
Transformation(
1'rans forrn ation(
'l'ransfbrrration(

Translorrnation(
'fransformation(

' 
['rrt r .s i it i-iI ltt i i-rn {

Ininsibrmationi
i-n,.:t st,tril li t ir:t, (
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l'heorem 3 6 [3, Theorent 5.6] For an\ lt > 2. rctnl:(OC'7,,) = n-7.

CONCLUSION
Thrs paper is strorrgl-i'an e\lensiolt ol uoi k arrd resLrlts in [31. \\e orrll pr,--Ser]t thosc resLrlrs oi t,r , I

' Ltsing Croups, Algorithrrrs, and Progr-arnrn;ng(GAP). The sumnrary ol-the nLrinber of dlemenls gencr.alrii is
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as shorvn on Table 4.1 belorv. Investigation usins croups. Algorirhrls. and progr:arnrrirr!,( c.\p; carr alst
bt'- Iooked into in SemigroLrp ol Ordu-r-Dc'creasing Cont;acrion. DC'l',,. Senrirroup of orcicr-l)rcscn,irr_r o
Order-l{eversin_u Conrracrion. ORL"t,..

oDc-T,,.

Semigroup of' Prcserving or Ordcr.Dccreasing Contraction

'f-.Li^ A 1
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