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Abstract

In this investigation, we studied a class of Bazilevi¢ type close-to-star functions which is defined by a generalized
differential operator. The new class generalizes many known and new subclasses of close-to-star functions. Some of
the investigated properties are the coefficient bounds and the Fekete-Szego functional. Our results extend some known
and new ones.
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1 Introduction and Definitions

In this paper, we let £ := {z € C: |z| < 1} represent the unit disk and we let A represent the class of complex-valued
functions of the form: _
f2)=z+az* +azz® +-- - +a;z' +-- (2€€) (1.1)

such that f(0) =0 = f'(0) — 1. A is called the class of normalized analytic functions. Let S, a subset of A, represent
the class of functions analytic and univalent in £.

Also, let §*, a subset of S, represent the class of functions of the form:
s(2) =z +s02% + 8325+ + 5520 40 (2€€) (1.2)

such that Re(zs'(z)/s(z)) > 0. The class S* is called the class of starlike functions.

Let C represent the class of analytic functions of the form:

c(z) = T4zt +e2 + ezl 4o (z€€) (1.3)
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such that ¢(0) = 1 and Rec(z) > 0. The class C is called the class of Carathéodory functions. For additional details
on classes S, §* and C, see [9, [21].

A function f in (1.1)) is called close-to-star if there is a function s(z) € S* such that

Re(i((j))) >0 (z€8). (1.4)

The class of close-to-star was introduced by Reade [I5] and it has been studied in various forms by some researchers
in [3 12} 18, 19, 22]. In particular, Babalola et al. [5] studied the class of close-to-star functions of type a defined by
using the idea of Bazilevi¢ functions of type « in [20].

Definition 1.1 ([5]). A function f € A is called close-to-star of type a if

f(z) € K*(a) == {f(z) €A:Re (f((;):) >0, >0, z€ 5} (1.5)

and all powers are regarded as principal determinations only.

Remark 1.2. The following are some remarks on K*(«).

(i) £*(1) is the class introduced by Reade [I5].

(ii) f € K*(1) is not necessarily univalent in & (see [5], [I5]), so also is f € K*(a).

(iii) The well-known Alexander duality theorem holds. If f is close-to-convex (see [2I] for definition), then zf’ is
close-to-star (see [Bl [19]).

(iv) Every starlike function is close-to-star (see [5l [15]).

(v) Re(f'(2)/s'(z) >0 = Re(f(2)/s(2)) > 0 (see [5 15, [10]).

(vi) If f(z) € K*(1), then |a;| < j* (j = {2,3,4,...}) (see [15, [16]). Equality occurs for function fs(z) = (2 +
§22) /(1 — 62) (6 = &) (see [16]).

An interesting aspect of coefficient problems of functions f of form (1.1]) is the study of the Fekete-Szeg6 functional
defined by

F(v: f) = las — ya3]. (1.6)

The functional was initiated by Fekete and Szego [§] and it has received much attention for functions f in class S and
its various subclasses. Some recent investigations in this direction can be found in [I], 4! [7) [IT].

In 2017, Opoola [14] introduced a differential operator defined as follows.

Definition 1.3. Let f € A be of the form (I.1)), then the Opoola differential operator D™#77 : A — A is defined

by
DT f(2) = f(2)
DYIITf(z) = (L+ (B—n—17)f(2) — 27(B—n) + 27f(2) = A f(2)
DN f(2) = A (DY f(2))
D3ENT f(2) = AL(D>P7 f(2))

which implies that

DUENT(2) =24 > (14 (j+ B —n — 1)7)"a;2 (L.7)
=2
or for brevity,
’D"vaanf(z) = z—‘,—Z/leLij (Z S (C/‘) (18)
=2

where A, =14+ (G+8-—n—1)7)",7>20,0<n<fand n e NU{0}.
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Remark 1.4. The following properties hold in ([1.7)).

(i) DOPITf(z) = DO f(2) = DOFOf(2) = f(2) € A'in ([LI).
(ii) D™AALF(2) = DL f(2) = D" f(2) is the Salagean differential operator introduced in [17].
(iii) DVAAT f(2) = DT f(2) = D™7 f(2) is the Al-Oboudi differential operator introduced in [2].

The new class investigated in this paper is therefore defined as follows.

Definition 1.5. If n € NU{0}, 0 < n < 8 and 7 > 0, then a function f(z) € A is said to be a member of class
K*(n, B,n,7; a) if it satisfies the geometric condition

(PP f (=) Wl
R ((D"ﬁmﬁs(z))a>>0 (=21, z€€&) (1.9)

where D27 is the Opoola differential operator in (1.7)) and all powers are regarded as principal determinations only.

Remark 1.6. Note that K*(n, 8,7,0;a) = K*(0,8,n, 7;a) = K*(0, 8,7, 0; &) = K*(«) is the class studied by Babalola
et al. [5]. And that K*(n,8,n,0;1) = K*(0,8,n,7;1) = K*(0, 8,71,0;1) = K*(1) is the class studied by Reade [15].

It is interesting to know that class K*(n, 8,7, 7; &) is non-empty as shown in the following examples.

Example 1.7. If s(z) = z, then for f(z) € A of the form (1.1)),

DN f(2) = {2%(1 + 2)}* = 2+ A, 1)2% + A(a, 2)2% + A(a, 3)2* + A(a, 4)2° + - -+,
DA fo(2) = {2%(1 — z)}é =2 Ma,1)22 + Mo, 2)2% — Ma, 3)2% + M, 4)2° — - - -,
DVANT fa(2) = {2%(1 + 7;)*1}i =24+ Mo, 1)22 + M, 2)2% + Mo, 3) 2t + Ma,4)2° + - - -,
DA f(2) = {2(1 — z)_l}é =2z Mo, 1)22 + M0, 2)2° — M, 3)2* + A, 4)2° — -+,

and

DA fi () = {zo‘ LS j}a = 242X, 1)2% 4+ 20 (a, 1) 4+ 4\ (o, 2)]22 + [2M (o, 1) + 8M(a, 2) + 8 (e, 3)]2*
+ [2M(a, 1) + 12X (a, 2) + 24\ (a, 3) + 16X (a, 4)]2° 4 - --

are in class K*(n, 8,n,T; a) such that for m € N,

m—1

% 11 (éft) for power é>0
=0
Ma,m) = ' )
(:711)!"" [T (2+¢t) for power L <O.
t=0
Proof . From (1.9), we can say that
1+z for k=1
1—2z for k=2
(D™FmT fiu(2))* 1 _
m = s Jfor k=3 (1.10)
iz for k=4
}fﬁ for k=5

where all functions on the RHS of (1.10) are well-known functions in class C defined above. Now s(z) = z =
(D P17 s(2))* = 2% and (DA77 f1.(2))* (k = {1,2,3,4,5}) in (1.10) give the functions in Examples 1.7 by simple
calculation. This completes the proof. [
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2 Relevant Lemmas

Lemma 2.1 ([21]). If c(z) € C, then |¢;| <2 (j € N).

Lemma 2.2 ([6]). If ¢(z) € C and u € R, then

2 2(1—wu) for w<0,
cz—uil < 2 for 0<u<2,
2u—1) for wuz=2.

Lemma 2.3 ([13]). If ¢(z) € C and 4,5 € N, then |c;4; — ucic;| < 2 for 0 <u < 1L
Lemma 2.4 ([21]). If s(z) € S*, then [s;| <j (j € N\ {1}).

Lemma 2.5 ([10]). If s(z) € S* and p € R, then

3—4dp for p<3
|s3 — ps3| < 1 for 3<p<1
dp—3 for p=1.

3 Main Results

In what follows, let n € NU {0}, 0 <7 < 8, 7 > 0 and a > 1 throughout this work unless otherwise mentioned.
The following theorems are the results obtained.

Theorem 3.1. If f(z) € K*(n, B,n,T;a), then

laz| < { + ads}, (3.1)
3aA
las| < {1+2A2+ « } (3.2)
20a—1)(2a—1

las] < { + 245 + 3435 4+ 204 + (@ SLEQQ ) } ) (3.3)

las| < {1+2/12+3/13+2(a—1)(204—1)—1—2[2/144—3(04— 1)|4 — 3ar|AxAs]
(a—1)|a—2|\3a—4|/12 (a_l)+ala_2|[16/12/14+9/1§]+5aA5}. (3.4)

3 a 4 2
Proof . The geometric expression in (1.9) can be expressed as
n,B,m,T « n,B,m,T «

(@) @ s 55

¢ P
Using (1.1}, (1.8)) and binomially expanding LHS of (3.5 we obtain
(D"hﬁﬂ?ﬂ'f(z))a

ZO[

=1+ adsasz
-1
+ {CVAg(Zg + a(o;')/l%ag} 22
-1 -1 —2) .
+ {OZA4(I4 + %2/12/13&20,3 + a(ag)'(a)/lgag} 23

—1(a—2
+ {aA5a5 + M(2A2A4a2a4 + /13@3) —)3/1%/13&%&3

2!

N ala — 1)(a4!— 2)(a — 3) A%aé}z‘l
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And using (1.2), (1.3), (1.8)) and binomially expanding RHS of (3.5) we obtain
(D 0175(2)"

Za

c(z) =14 {c1 + adasa}z

ala—1
+ {02 + adasoc + aAsss + (2')/1%3%} 22

+ {03 + adasocy + (04/1353 + 05(2)/1252>
ala—1)

—1
L O D)oy tysgsy + MO D@=2)

51 3l A3ss —|—a/1484}23

+ {04 + aAasocs + (a/l383 + a(a)/lgsz>

+ <QA484+ M2A2A33233+ 0‘(0‘_1)(@_2)/@8%) e

2! 3!
ala—1 ala—1)(a—2
+ (T)(2A2A45284 + A%s%) + %(3/13/135%53)
—1 -2 -3
+ o(a )(oz4' (@ )Agsg + aA535}z4
I (3.7)
Now, if we equate the coefficients in (3.6) and (3.7), then we obtain
04/12(12 =c1 + aAQSQ, (38)
-1 —1
adAzaz + %/@a% = co + adasscy + alsgss + %/@5%, (3.9)
—1 —1 —2
alsas + %2/12/13&2@3 + %‘Agag =c3+ alysacy
—1 -1 -2
+ (a/lgsg + a(a)A252> + OZ(QT')QAQA35253 + %/@sg + adyss  (3.10)
and
1 “D(a—2 “1(a—-2)(a—3
alsas + %(2/12/14@2&4 + Agag) + %3/1%/13(1%&3 + Oé(Oé )(044' )(a )A%ag
= c4 + algsycs + (a/lgsg + a(o<)/1282>
—1 -1 —2
+ <O¢A4S4 -+ %2/12/138283 —+ OC(CY3)|(OZ)A383) C1
—1 —1 -2 -1 -2 -3
+ %(mmsm + A282) + %3/13/133%53 4 ole )(0‘4| NO=3) pact 4 oess. (3.11)
Simple calculation shows that (3.8) leads to
1
g = ——¢C1 + 89 (312)

OéAQ
so that by applying triangle inequality and Lemmas and [2.4] ﬂ in (3.12) lead to inequality (3.1]).

Using (3.12)) in ) leads to
1 + A282 a—1 2 + (3 13)
as = c c1 — ci+s :
3 04/13 2 C¥A3 ! 20&2/13 ! 3

so that by applying triangle inequality we obtain

1 Ags a—1 1 a—1c¢
|(L3| = a/l302+ 042/13201 — 20[2/130%4—83 < 04/13{ Co — 21 +A2|82||Cl| —|—a/13|33|}
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and using Lemmas and [2.4] we obtain (3.2)).
Using (3.12)) and (3.13) in (3.10) leads to

1 Agsg Asss a—1 (a —=1)Ags9 5 (a—1)2a—1) 4
= - - 3.14
a Oé/l4 €3+ 04/14 ez + CUA4 “ a2/14 e 2a2A4 a 6a3A4 a + 84 ( )
so that by applying triangle inequality,
1 Ag sy A3s3 a—1 (= 1)A2s2 5 (@=1)(2a—1) 4
jaa] = aly €3+ aly et aly @ a?Ay cre 202/, -+t 6a3 Ay it sa
1 a—1 a—1¢ a—1)(2a—-1
<——9 | — cica| + Aglsa| e — 2 +/13|83||C1|+()(—2)|C1|3+C¥A4|S4|
aly « 2 6c

and using Lemmas and we obtain ((3.3)).
Using (3.12), (3-13) and (3.14) in (B.1T) leads to

1
as = (1/15{&1 + Agsocs 4+ Agssca + [Agss + (o — 1)(4 — 3a) Aa Agsass]cr

(a0 —1)Ass3 24 (= 1)(a—2)(3ac — 4) Azs2 e (a—1)(2a—-1) 4

T 2a O 6a2 ! 2403 !
(. —1)Ags9 (a—1) (a—1)(2a—1) (a—1)

— fclq — o cic3 + 202 C%CQ — TC%
ala—2)

+ [2/12/148284 + Aisg] + Oé/l585}

2

and

1 -1 - 1A - 1A
_ KC“ - (aa )Clcg> N <A2S203 _ WW) N (Agm _ <a)3836§)

jas| = als 2av
(a—1)2a-1) , (a—1)(2a—-1) , (o= 1)(a—2)Ba — 4)Azs2 4
* ( 202 s 2403 a)t 602 “
a—1
+ [Ag84 + (0 — 1)(4 — Ba) A2 A38285]c1 — ( 50 )cg
ala—2
+ %[2/12/143234 + Agsg] + alsss
so that by applying triangle inequality we obtain
1 a— —1 a—1
las| < ——1 |ca — ( cicg| + Aalsa| |c3 — )0102 + Aslss| |2 — ( )C%
01/15 2a
(a—=1DR2a—1), , 2a—-1)| (a—1)|a—2||3a—4]|Az|s2|, 3
+ 202 el e = =55 | * 6a2 el
a—1
+ [A4|S4| -+ (Oé — 1)‘4 — 30é|/12/13|82|‘83|]|01| + (Ta)|02|2
ala—2
+ %[2A2A4‘82||84| + A§|53‘2] + OLA5|S5|}

and using Lemmas and we obtain . O

Remark 3.2. Setting n =0 (or 7 = 0) makes inequalities (3.1)), (3.2]) and (3.3) to become the results of Babalola et
al [5].
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Theorem 3.3. If f(z) € K*(n,8,n,7;a), then for x € R,

a—1)A2 4243z 1—a)A2
0:/113 (17( )a/zlgr 3 ) for l’g( 2/1:)5 2
4 (1—a)A2 20424+ (1—a) A2
ols . for A 22§;z;§ #’
a—1)AS+2A3x 2aA 1—a)A
) am (R for > B,
as — $a2| < 2 4|A2—2A3z] A <1 (315)
ads 7, ta 3(3 — 4x) for x < 3,
s 74|A§Z§A3I| + a/ls) for L<a<l,
aig %ﬁm + adz(4x — 3)) for x>1.
Proof . Consider (3.12)) and (3.13)) in (1.6) and for z € R implies that
| 2| 1 i Assg a—1 4 n 1 n 2
az — xas| = c c1— ci+s3—x|——c1+s
3 2 OéAg 2 0&/13 ! 2a2A3 ! 3 04/12 ! 2
1 (a —1)A3 + 2432\ ¢ (A3 — 2A37)s9 9
= — — — ~ £ 0272 A _
ol Co < a2 5 + 1 1+ ads(ss — xs3)
1 (a —1)A3 + 243z 2 1 |42 —2A37s9 9
< — Y A — .
ol c2 a2 5 ol 1 c1 + ads(ss — xs3)
It is easy to see that
2 (@ —1)A3 + 243z 3
—zadl < _ 2 a
la5 — zas)] ads | a3 2
. (. —1)A3 + 2432 2 A3 — 2/A3259
if Co — ai% 51 P 2T61 + ()(/13(83 — $8§) (316)
and
2 |42 -24
lag — za3| < ol ’ 2 1 3192 o) + ads(ss — s2)
. (a —1)A3 + 243z 3 A3 — 2A3259
if Co — 01/213 51 < 2T01 + 04/13(83 — .738%) . (317)

Applying Lemma in (3.16)) shows that

2 —1)AZ+24
T (o= Ddg + 2450

2
als;

2
lag — za3| < —— where u =

CYAg

so that for v in the intervals © < 0, 0 < w < 2 and u > 2 we obtain the first three results in ([3.15]).
On the other hand, (3.17)) simplifies to

2 { |A% — 2A3$||82|

2
— <
las — za3| < ol 1

le1| + ads|ss — msg|}

so that by applying Lemmas and we obtain the last three results in (3.15)) and the proof is complete. [J
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