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ABSTRACT 
 
In this paper, we derived a Derivative Least–
Square Method (DLSM) and Semi-Standard 
Galerkin Method (SSGM) which are both Finite 
Element Methods (FEM) for Solving Boundary 
Value Problems. In the DLSM, the residue was 
differentiated into a new derivative of the residue, 

 while in the SSGM, we took 

, for which 

 is its basis function. The proposed 

methods were applied on several boundary value 
problems and the numerical results obtained are 
reliable and in good agreement with the exact 
solutions. 
 

(Keywords: boundary value problem, derivative least-
square method, exact solution, finite element method, 

residue, semi-standard Galerkin method) 

        
 

INTRODUCTION 
 
This paper was motivated by the successful 
application of FEM to the solution of Ordinary 
Differential Equation. But numerical problems 
occurring in fluid and transport problems showed 
that the Galerkin methods could exhibit numerical 
problems, if it is applied to non- self adjoint partial 
differential equations [4]. As a consequence, first 
works which casted arbitrary partial differential 
equations into an equivalent minimization 
problem using a least squares principle in 
conjunction with the finite element ideas 
appeared also by that time [11], [15]. A huge part 
of the theoretical analysis of least squares 
methods is connected to the theory of elliptic 
systems.  

A major work in this area is a series of two 
papers from Agmon, Douglas and Nirenberg, 
who developed the ADN-Theory which is used in 
many later publications on the least squares 
finite element method (LSFEM) [1]. Later on 
Wendland used tools from complex function 
theory to establish several theorems for elliptic 
systems in two dimensional domains [13]. He 
established that application of a least squares 
principle may lead to suboptimal convergence. 
He points out that appropriate weight must be 
introduced to obtain optimal accuracy. After that 
a more general theory especially for the LSFEM 
was developed by Aziz [3]. They utilized the 
ADN-Theory to get a priori estimates for elliptic 
systems which then allow proving optimal 
convergence rates (with respect to the used 
elements).  
 
Beside these general theoretical works, several 
results have been published which considered 
special problems and their treatment with the 
LSFEM. Recently, Bortolot and Karam-Filho 
worked on a stabilized finite element analysis for 
a power law pseudo-plastic stokes problem. 
Also, Lee and Chen published Adaptive Least-
Squares finite element approximations to stokes 
equations, Arnold and Awanou on Finite element 
differential forms on cubical meshes [2], [9]. 
 
The area of numerical analysis comprises of 
several methods, Gelarkin methods are classes 
of methods for converting a differential equation 
to a discrete problems. It is in principle the same 
as applying the method of variation of parameters 
to a function space, by converting the equation to 
a weak formulation. When referring to a Galerkin 
method, we also need to give the name along 
with typical approximation methods used, such 
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as Bubnov-Galerkin method, Petrov-Galerkin 
method or Ritz-Galerkin method [7]. In most 
mathematical modelling problems differential 
equations of specific forms are derived which 
describe a system. Values of the coefficients, 
which can be constants or functions, of the 
differential equations are usually specified, and 
the solutions are calculated or presented in closed 
form, with little, if any, indication of how the 
coefficients can be estimated from observations.  
 
In subsequent times several methods of solving 
Boundary Value Problems using finite element 
Galerkin’s methods has been used [5], [8], [10], 
[16]. However, recently Jin, Lazarow Liu and Zhou 
worked on The Galerkin finite element method for 
a multi-term time fractional diffusion equation, 
Harris and Harris on Supper convergence of weak 
Galerkin finite element approximation for second 
order elliptic problems by projections, Wong 

and Candes on Numerically stable finite element 
methods for the Galerkin solution of eddy current 
problems [6], [7], [14]. In 2015, Rauf et al [11] 
used linear multistep method toobtain a zero-
stable block method for the solution of third order 
ordinary differential equations. 
 
 
MATERIALS AND METHODS 
 
General Form of the Residue 
 
Let the boundary value problem with the boundary 

condition  be 

 
 
Let the approximate solution be : 

 

 

 

 
 
where R is the Residue. 
 
 
Derivation of DLSM 
 
From (1), we let  

 

Giving the Least-Square method 

 

 
 

Replacing  with  in (2), leads to our main 

result: 

 

 

 
Let  

 

 
 

where     

 
by solving the n – system of Equation (4) and 

also making use of (3) to obtain the values of  

The approximate numerical solution is now 
giving as follows: 
 

 
where 

 

 
 
for the boundary value conditions 
 

   and   

 

 
 
Derivation of SSGM 
 
Also from (1), Let the basis function be ; 

It implies that: 
 

 
                                                                

 

 
Now making use of (2); 

For Standard Galerkin (H⁰ - Galerkin) 
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Which is the standard Galerkin method. This 
implies that: 
 

 

 

 
 
putting n = 1 gives us the Proposed Semi – 

Standard Galerkin  which is 

expressed as follows: 

 

 

  

 
 
Therefore, for the basis: 

 

 

 
 

and for , 

 
 

where  is the residue of the boundary value 

problem. On solving the n – system of Equation 
(9) and by making use of (8) to obtain the values 

of . The approximate numerical solution is now 

giving as follows:  
 

 
 
and 

 

 
 
for the boundary value conditions: 
 

    and    

 

APPLICATION OF THE METHODS AND 
RESULTS 
 
To test the applicability of the proposed 
methods, we consider the following boundary 
value problems; 
 
Problem 1: Consider the following boundary 
value problem with its boundary condition 
 

 
 
Problem 2: Consider the following boundary 
value problem with its boundary condition 
 

, 

 
whose exact solution is  
 

 

 
The results obtained are tabulated in Tables 
1 and 2. 
 
 
Solution of Problem 1 using Least-Square 
Method 
 
Let 

 
 
where 

 

 
  

 

 
 

 

 

 

 
 
Since the method is given by: 
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Therefore, 

 
 

 

 
 
By taking the limit we obtain the following: 

 
 

 
 

 
 

 
 

 

 
 
On solving (15) and (16) simultaneously, we 
obtain: 
 

 
 
On substituting the values of  and  into 

(12) we have: 
 

 
 
From (17) 
 
when ,   

when ,   

and 

when ,   

 
Solution of Problem 1 using Standard 
Galerkin Method 
 
Let 

 
 
where 

 
  

 

 
 

 

 

 

 
 

 
 

Firstly, for  we have: 
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By taking the limit we have: 
 

 

 

 
 

Secondly, for  we have: 

 

 
 

 
 
By taking the limit we have: 
 

 

 

 
 
On solving (22) and (24) simultaneously, we 
obtain: 
 

 
 

By substituting the values of  and  into 

(19) we have: 

 

 
 
From (26) 
 

when ,   

when ,   

and 

when ,   

 
 
Solution of Problem 1 using DLSM 
 
Let 

 
 
where 

 

 

 

 
 

 

 

 

 

 
 
The method is given by: 
 

 
 
Therefore, 
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By taking the limit we obtain the following: 
 

 

 

 
 

 

 
 
By solving (30) and (31) simultaneously we 
obtain: 
 

 
 

By substituting the values of  and  into 

(28) we have: 
 

 
 
From (32) 
 
when ,   

when ,   

and 

when ,   

 
 
Solution of Problem 1 using SSGM 
 
Let 

 
 
where 

 

 

 

 

 
 

 

 

 
 

 
 

Since, 
 

 
 

Firstly, for  we have 

 
 
By taking the limit we have: 
 

 
 

Secondly, for  we have: 

 

 
 
By taking the limit we have: 
 

 

 
 
By solving (37) and (39) we obtain: 
 

 
 
By substituting the values of  and  into 

(34) we have: 
 

 
 
From (41) 
 

when ,   

when ,   

and 

when ,   

 
The tables below shows the results obtained from 
computing the test problems and comparing the 
results of the proposed methods with their exact 
solution and solution of some existing methods. 
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Table 1:  Comparing the Value of the Proposed Method with some Exiting Methods for Problem 1. 
  

 

Approximate 
Value of Least-

Square 
Method 

Approximate Value 
of Galerkin 

Method 

Approximate 
Value of SSGM 

Approximate 
Value of DLSM 

     

     

     

     

     

     

     

     

     

     

     
 
 

Table 2:  Comparing the Value of the Proposed Method with the Exact Value for Problem 2. 
 

 Exact Value 
Approximate Value 

of SSGM 
Approximate Value 

of DLSM 
Error of SSGM Error of DLSM 

      

      

      

      

      

      

      

      

      

      
 
 
 
CONCLUSION  
 
The derived DLSM and SSGM of Finite Element 
Method are applied to solve Boundary Value 
Problems to test the efficiency of the methods. 
The numerical results obtained by the proposed 
methods as seen from Table 1 and Table 2 are 
reliable and in good agreement with their exact 
values and approximate solutions of the other 
methods. 
 
 
 
 
 
 
 
 

REFERENCES 
 
1. Agmon, S., A. Douglis, and L. Nirenberg. 1964. 

“Estimates Near the Boundary for Solutions of 
Elliptic Partial Differential Equations Satisfying 
General Boundary Conditions”. Communications 
on Pure and Applied Mathematics. 17:35–92. 
 

2. Arnold, D. N., and G. Awanou. 2014. “Finite 
Element Differential Forms on Cubical Meshes”. 
Maths. Compute. 83:1551-1570. 
 

3. Aziz, A., R. Kellog, and A. Stephens. 1985. “Least 
Squares Methods for Elliptic Systems”. Math. 
Computer. 44:53–70. 
 

4. Ciarlet, P.G. and J.L. Lions. 1996. Handbook of 
Numerical Analysis. North Holland-Elsevier 
Science Publishers: New York, NY. 
 

http://www.akamaiuniversity.us/PJST.htm


The Pacific Journal of Science and Technology               –97– 
http://www.akamaiuniversity.us/PJST.htm                                             Volume 16.  Number 2.  November 2015 (Fall) 

5. Felippa, C.A. 1994. “An Appreciation of R. 
Courants’s Variational Methods for the Solution of 
Problems of Equilibrium and Vibrations”. 
International Journal Numerical Methods in 
Engineering. 37:2159-2187. 
 

6. Harris, A. and S. Harris. 2014. “Supper 
Convergence of Weak Galerkin Finite Element 
Approximation for Second Order Elliptic Problems 

by Projections”. Applied Mathematics and 
Computation. 227:610-621. 
 

7. Jin, B., R. Lazarow, Y. Liu, and Z. Zhou. 2015. 
“The Galerkin Finite Element Method for a Multi-
Term Time Fractional Diffusion Equation”. Journal 
of Computational Physics. 281:825-843. 
 

8. Kantorovic, L.V. and V.I. Krylov. 1950. Approximate 
Methods of Higher Analysis. Third Edition. GITTL, 
Moscow, USSR. 
 

9. Lee, H. and T. Chen. 2015. “Adaptive Least-
Squares Finite Element Approximations to Stokes 
Equations”. Journal of Computational and Applied 
Mathematics. 280:396-412. 
 

10. Lermit, R.J. 1975. “Numerical Methods for the 
Identification of Differential Equation”. SIAM 
Journal on Numerical Analysis. 12:488-500. 
 

11. Lynn, P.P. and S.K. Arya. 1974. “Finite Elements 
Formulation by the Weighted Discrete Least 
Squares Method”. International Journal Numerical 
Methods in Engineering. 8:71–90. 
 

12. Rauf, K., S.A. Aniki, S. Ibrahim, and J.O. Omolehin. 
2015. “A Zero-Stable Block Method for the Solution 
of Third Order Ordinary Differential Equations”. 
Pacific Journal of Science and Technology. 
16(1):91-103. 
 

13. Wendland, W.L. 1979. Elliptic Systems in the 
Plane. Pitman: Boston, MA. 
 

14. Wong, S.H. and Z.J. Candes. 2014. “Numerically 
Stable Finite Element Methods for the Galerkin 
Solution of Eddy Current Problems”. IEEE 
Transaction Magnetics. 25(4). 
 

15. Zienkiewicz, O.C. and D.R.J. Owen. 1974. “Least 
Squares Finite Element for Elasto-Static Problems 
- Use of Reduced Integration”. International Journal 
Numerical Methods in Engineering. 8:341- 358. 
 

16. Zienkicicz, O.C. and K. Morgan 1983. Finite 
Element and Approximation. John Wiley and Sons, 
Inc.: New York, NY. 

 
 
 
 

ABOUT THE AUTHORS  
 
Dr. Kamilu Rauf has obtained his Ph.D. degree 
in Functional Analysis. He has authored several 
articles. In 2010, he was awarded a prestigious 
Scheme 5 Fellowship by the London 
Mathematical Society and presented lectures at 
several universities in the United Kingdom.  
 
Dr. Joseph Olorunju Omolehin holds a B.Sc. 
(Hons) degree from ABU, Zaria Nigeria and both 
an M.Sc. and Ph.D. in Mathematics both from the 
University of Ilorin, Nigeria. He worked as a post-
doctoral fellow at university of Leeds, UK and 
specialized in Optimization and Numerical 
Analysis. Presently, he is a Professor of 
Mathematics.  
 
Aniki Samuel Adamariko holds a B.Sc. (Hons) 
degree in Mathematics from University of Ilorin, 
Nigeria and an M.Tech. in Mathematics from the 
Federal University of Technology, Minna, Nigeria. 
Aniki Samuel Adamariko is in the process of 
obtaining a Ph.D. in Mathematics at University of 
Ilorin, Nigeria.  
 
Wahab Olalekan Taofeek holds both a B.Sc. 
(Hons) degree and M.Sc. in Mathematics from 
University of Ilorin, Nigeria. Presently, he is in the 
process of obtaining a Ph.D. in Mathematics 
(Functional Analysis) at University of Ilorin, 
Nigeria. 
 
 
SUGGESTED CITATION  
 
Rauf K., J.O. Omolehin, S.A. Aniki, and O.T. 
Wahab. 2015. “Finite Element Methods on 
Derivative Least–Square and Semi-Standard 
Galerkin for Solving Boundary Value Problems”. 
Pacific Journal of Science and Technology. 
16(2):90-97. 
 

 
 
 

Pacific Journal of Science and Technology 

View publication statsView publication stats

http://www.akamaiuniversity.us/PJST.htm
http://www.akamaiuniversity.us/PJST.htm
https://www.researchgate.net/publication/303342845

