_(ii) The number of invertible element is represented by ¢(d) where
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Abstracy

Lines of 34 X 3g were discussed. A comparison was made between cacl !mes in 6d,
as « result, for d a prime, lines with & (ap, al) is isomorphic to £ (1, 2) for p, A
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i INTRODUCTION

Over the years, Finite quantum systems with variables in - 34 had received a lot of attention with particular interest on mutually usibiased

bases in Finite Hilbert space [1-7]. In the past, a connection between finite geometry and finite dimensional Hilbert spaces has been

established. Recently, attention is focused on finite geometry especially on near-linear finite geometry [8-13]. For instance, it was discussed

in {7-8] that there exists a duality between lines non-near linear finite geometry and weak mutually unbiased bases in finite quantum
systems.

L} this work, our attention is focused on one thing; lines of near-linear finite geometry. Our finding 1s that, there are many lines in

T

linear finite geometry out which there exists a bijection between points of these lines and as a result leads to partition of Er se }in;s
distinctly. ’

The whole work is partmoned into six sections thus: preliminary of this work is discussed in section Ii Here, we define the notation we
used in the discourse. The concept of {finite geometry along with the review of previous work is discussed in Section 1I. In section IV, we
discuss 1sometric lines of 35 % 34. :

Symplectic on 3; X 3, with numerical e\qmp]e is discussed in section V. The conclusion of our work isin section VL

'

Defiiiton Tot X and Y be two sets, a map m: X — Y is an isometry if and enly if there exists a bijection between X and Y. in'this article,
A and | are inite sets of integer moduloin d. It'is denoted by 3.
1L PRELIMINARIES :

(i) A field of integer modulo d is denoted by 3.

o(d)= dn\l“")'d prime . - ' : . o ’ - D
(ii) Let 1(d) represents the Dedekind psi function, it is defined as; ‘ '

CYd)= dﬂ(1+ )d——pnme . ' . . o @

(iv) GCD(y, 1) denotes the greatest common divisor of two elements p and 2 in Sd
(v) The notation a =b means a maps b. :

1L FINITE GEOMETRY 6, = 3, X 34

A finite geometry is defined as the pair

&, =(Pd; Ld) _ . _ “(3).
where Pd and Ld denote the set ot points and lmes in Gy respectlvely - o
Pd = {(m,n)| m ne 3,4} : : ’ ‘ ' “)
and a line through the origin is defined as . ' _ ) :
Q(u,ﬂ)—f(ku,kﬂ)ju Afgd}kef}d . ' g ‘ o .3

denotes set of lines.

In this work we study Near-linear {inite geometry. In it two lines for example intersect only at the origin.
This is linked {o the fact that 3 is a field of integer modulo d and all the lines in this work are through
the origin. We confirm the Iol]owmg proposnmn in our previous work of [6].

Proposition IIL1. : ’

(xé L1 A) =L (pr.pA)Vp €35 . om o . + - ©

an : : . ) . )

L (pu,pA) 4 "(M) Vp€34-3F . ‘ . ' R , o .
T S R N SO R AR )
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A line € (pgt, pA) is a maximal line in Gg £ GCD(, A) € 3. and £ (1, Ayisa
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bline in B if GCD(, A) € 3a — 35

(i) There are Y(d) maximal lines in finite geometry &g with exactly d poi

V. 1SOMETRIC LINES OF 34 % 34

Suppose we define a finite geometry as expressed earlier in equation 3); 11 p € 35 then
2 (w4 =L (o, pA) , @
Hence € (4, A) and € (py, pA) are isometric to each other. :

Proposition IV.1. I € (1, 4) is a line of near-linear finite geometry B4 where disa prime integer.

then £ (1, A) is isometric to £ (q/,qA) V4 € 34 , O
Proof, Let a,b € 3 wheredisa prime integer. The proof is self evident since 3, is a field, it means every @
non-zero integer has an inverse and p in equation (9) is the additive generator.

Heneé complete the proof.

A. Example ' v ‘ .

The concept of isometry in &g~ 3y X 3ais shown below as illustration for @ = 5: using equation 3).

g:)= 202z G:3)= L£0:4) (10)

ey £@; 0= LG = 240 ‘ : (11)

(L= 2@ )= e@33)= 844 ' (12)

;)= 2(h= 23 = 24 3) (13)
y= e )z a3 = 2D P (14)
= 2(:3)= [ RG] , o (15)

where fromequation () a line € (1; 2) is defined as set of points

2(1;2)= {(0,0); (1, 2. 2, 4. G, (4.3)} - (16)

since 2 € 3&; then £ (25 4)is '

@ (2; 4) = {(0,0),24),43).(1.2).G.D}F , - (17

Y. SYMPLECTIC GROUP ON &, .

M@ 1| AW (18

represents a umtary transformation where ,

c 1
m(o,7| L) = (/1 #)
[ Sﬂﬂ = i o — T;{\ =.1 (mod d), where i, 0,7, A€ 3y, M form a group called Symplectic group Sp(2, 3q) group.
Acting 9 on all points of line & (x, y) in 3q X 3aq generates all the poinis of the line £ (o%+ Ty, AXT)LY). '
Thie i< exnressed in this work as MM (0,7 ] LU)EEY). :
fopisl UPPOSE d = 5 and we substitute 2,1,1, and 1 for o, T, A, jt respertively into §1 and act W on’
2 (x,y) where x=0; y€ 35 it yields £ (1,1) in equation (12). Suppose d 3¢
on the line € (0, 1), we obtain all the lines through the origin. For :
x=01,..,d-1- sa(X)=M ©,1] -1L,®)eOH=2(, N, v . - v a9
In'this work, we fixa rule that if R =-1, M (0, 1 ‘ —1:R) is replaced by I (/, 0 ‘ 0,1).
1f we substitute the value of R =-1,... d, we obtain all the lines in B4 we obtail all the points in the
line as shown in equations(10) - @15)fora=0;b€ 3a
VL CONCLUSION
This article focuses on'near-linear finite geometry. Lines of 3q % %, was carefully examined. It was found that-although lines may ha
' different naming system but looking at their internal structure they can have identical points. For d a prime, 3qisa field of integer modt
d and all lines of 34 X 3a partitioned into P(d) distinct lines. We discover that on each partition, there exists @(d) lines. Having critica
examined each partition, we confirm a one-to-one correspondence within each representation of the lines and other lines in the partiti¢
Furthermore, an action of the Symplectic matrix on cach lines of 34 % 3gqalso produced other lines in the same representation. Het

they form complete isometric lines in the geometry.
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